Holographic Gravity and the Surface term in the Einstein-Hilbert Action

T. Padmanabhan^∗ IUCAA, Pune University Campus, P.B. 4, Ganeshkhind, Pune 411 007, INDIA.

(Dated: January 12, 2005)

Certain peculiar features of Einstein-Hilbert (EH) action provide clues towards a holographic approach to gravity which is independent of the detailed microstructure of spacetime. These features of the EH action include: (a) the existence of second derivatives of dynamical variables; (b) a non trivial relation between the surface term and the bulk term; (c) the fact that surface term is non analytic in the coupling constant, when gravity is treated as a spin-2 perturbation around flat spacetime and (d) the form of the variation of the surface term under infinitesimal coordinate transformations. The surface term can be derived directly from very general considerations and using (d) one can obtain Einstein’s equations just from the surface term of the action. Further one can relate the bulk term to the surface term and derive the full EH action based on purely thermodynamic considerations. The features (a), (b) and (c) above emerge in a natural fashion in this approach. It is shown that action Agrav splits into two terms −S + βE in a natural manner in any stationary spacetime with horizon, where E is essentially an integral over ADM energy density and S arises from the integral of the surface gravity over the horizon. This analysis shows that the true degrees of freedom of gravity reside in the surface term of the action, making gravity intrinsically holographic. It also provides a close connection between gravity and gauge theories, and highlights the subtle role of the singular coordinate transformations.

PACS numbers:

I. INTRODUCTION

If we treat the macroscopic spacetime as analogous to a continuum solid and the unknown microscopic structure of spacetime as analogous to the atomic structure [1], then it is possible to gain some important insights into the possible nature of quantum gravity. First of all, we note that the macroscopic description of a solid uses concepts like density, stress and strain, bulk velocity etc., none of which can even be usefully defined in the microscopic description. Similarly, variables like metric tensor etc. may not have any relevance in quantum gravity. Second, the quantum theory of a spin-2 field (“graviton”) will be as irrelevant in quantum gravity, as the theory of phonons in providing any insight into the electronic structure of atoms. Third, the symmetries of the continuum description (e.g., translation, rotation etc.) will be invalid or will get strongly modified in the microscopic description. A naive insistence of diffeomorphism invariance in the quantum gravity, based on the classical symmetries, will be as misleading as insisting on infinitesimal rotational invariance of, say, an atomic crystal lattice. In short, the variables and the description will change in an (as yet unknown) manner. It is worth remembering that the Planck scale (10^{19} GeV) is much farther away from the highest energy scale we have in the lab (10^2 GeV) than the atomic scale (10^{−8} cm) was from the scales of continuum physics (1 cm).

It is therefore worthwhile to investigate general features of quantum microstructure which could be rea-

∗Electronic address: nabhan@iucaa.ernet.in

sonably independent of the detailed theory of quantum spacetime — whatever it may be. I will call this a thermodynamic approach to spacetime dynamics, to be distinguished from the statistical mechanics of microscopic spacetimes [2]. To do this, I will exploit the well known connection between thermodynamics and the physics of horizons [3, 4] but will turn it on its head to derive the Einstein’s equations and the Einstein-Hilbert action from thermodynamic considerations [5]. This procedure will throw light on several peculiar features of gravity (which have no explanation in the conventional approach) and will provide a new insight in interpreting general coordinate transformations.

II. OBSERVERS AND THEIR HORIZONS

Principle of Equivalence, combined with special relativity, implies that gravity will affect the trajectories of light rays and hence the causal relationship between events in spacetime. In particular, there will exist families of observers (congruence of timelike curves) in any spacetime who will have access to only part of the spacetime. Let a timelike curve X^a(t), parametrized by the proper time t of the clock moving along that curve, be the trajectory of an observer in such a congruence and let C(t) be the past light cone for the event P[X^a(t)] on this trajectory. The union U of all these past light cones {C(t), −∞ ≤ t ≤ ∞} determines whether an observer on the trajectory X^a(t) can receive information from all events in the spacetime or not. If U has a nontrivial boundary, there will be regions in the spacetime from which this observer cannot receive signals. The boundary of the union of causal pasts of all the observers in the congruence — which is essentially the boundary of the union of backward light cones — will define a causal horizon for this congruence. (In the literature, there exist different definitions for horizons appropriate for different contexts; see e.g.[6]; we will use the above definition.) This horizon is dependent on the family of observers that is chosen, but is coordinate independent.

A general class of metrics with such a static horizon can be described [7] by the line element

ds^2 = −N^2(x^α)dt^2 + γ_{αβ} (x^α)dx^αdx^β (1)

with the conditions that: (i) g_{00}(x) ≡ −N^2(x) vanishes on some 2-surface H; (ii) ∂_αN is finite and non zero on H and (iii) all other metric components and curvature remain finite and regular on H. The natural congruence of observers with x = constant will perceive H as a horizon. The four-velocity u_a = −Nδ^0_a of these observers has a corresponding four acceleration a^i = u^j ∇_j u^i = (0, a) with a_α = (∂_αN)/N. If n_a is the unit normal to the N = constant surface, then the ‘redshifted’ normal component of the acceleration N(a^in_i) = (g^{αβ} ∂_αN∂_β N)^{1/2} ≡ Na(x) (where the last equation defines the function a) has a finite limit on the horizon. On the horizon N = 0, we take Na → κ where κ is called the surface gravity of the horizon (see e.g., [8]). (The results extend to stationary spacetimes but we will not discuss them here.)

These static spacetimes have a more natural coordinate system defined locally in terms of the level surfaces of N. That is, we transform from the original space coordinates x^μ in Eq.(1) to the set (N, y^A), A = 2, 3 (where y^A are transverse coordinates on the N = constant surface) by treating N as one of the spatial coordinates. The metric can now be transformed to the form

ds^2 = −N^2dt^2 + dN^2 (Na)^2

+ dL^2_⊥ (2)

where dL^2_⊥ is the metric on the transverse plane which is relatively unimportant for our discussion. Near the N → 0 surface, Na → κ and the metric reduces to the (Rindler) form:

ds^2 ≃ −N^2dt^2+ dN^2 κ^2

+dL^2_⊥ = −κ^2x^2dt^2+dx^2+dL^2_⊥ (3)

with x = N/κ. This (Rindler) metric is a good approximation to a large class of static metrics with g_{00} vanishing on a surface which we have set at N = 0.

In classical theory, the horizon at N = 0 acts as a one-way membrane and shields the observers at N > 0 from the processes that take place on the ‘other side’ of the horizon (N < 0). However, this is no longer true in quantum theory since entanglement and tunneling across the horizon can lead to nontrivial effects [9]. This is obvious in the study of quantum field theory in a spacetime partitioned by a horizon. The two point function in quantum theory is non zero for events separated by spacelike intervals leading to non-zero correlations. Or, rather, quantum field theory can only be formulated in the Euclidean sector of the spacetime (or with an iϵ prescription, which is the same thing) and the Euclidean sector contains information from across the horizon. Hence the causal partitioning of spacetime by a horizon — which is impenetrable in classical theory — becomes porous in quantum theory.

Nevertheless, it seems reasonable to postulate that any class of observers have a right to describe physical phenomena entirely in terms of the variables defined in the regions accessible to them [10]. Mathematically, this will require using a coordinate system in an effective Euclidean manifold in which the inaccessible region is removed [11]. Near any static horizon one can set up the Rindler coordinates in Eq.(3) which has the Euclidean extension (with τ = it):

ds^2_E ≈ N^2dτ^2 + dN^2/κ^2 + dL^2_⊥ (4)

This covers the region outside the horizon (N > 0) with the horizon mapping to the origin; removing the region inside the horizon is equivalent to removing the origin from the τ − N plane. Any nontrivial quantum effect due to horizon should still have a natural interpretation in this effective manifold and indeed it does. The effective Euclidean manifold acquires a nontrivial topology and the standard results (like the thermal effects) of quantum field theory in curved spacetime arises from this nontrivial topology [11, 12].

III. A HOLOGRAPHIC DERIVATION OF EINSTEIN’S EQUATIONS

In the present work, we are more interested in exploring the consequences for gravity itself which we shall now describe. Since horizon has forced us to remove a region from the manifold, we are also forced to deal with manifolds with non trivial boundaries, both in the Euclidean and Lorentzian sectors. (In the Lorentzian sector we shall approach the horizon as a limit of a sequence of timelike surfaces e.g., we take r = 2M + ϵ with ϵ → +0 in the Schwarzschild spacetime). The action functional describing gravity will now depend on variables defined on the boundary of this region. Since the horizon (and associated boundaries) may exist for some observers (e.g., uniformly accelerated observers in flat spacetime, r = constant > 2M observers in the Schwarzschild spacetime ...) but not for others (e.g, inertial observers in flat spacetime, freely falling observers inside the event horizon, r < 2M, in the Schwarzschild spacetime ), this brings up a new level of observer dependence in the theory. It must, however, be stressed that this view point is completely in concordance with what we do in other branches of physics, while defining action functionals. The action describing QED at 10 MeV, say, does not use degrees of freedom relevant at 10^{19} GeV which we have no access to. Similarly, if an observer has no access to part of spacetime, (s)he should be able to use an action principle using the variables (s)he can access, which is essentially the philosophy of renormalisation group theory translated into real space from momentum space [10]. This brings about the boundary dependence in the presence of horizons.

Further, since we would like the action to be an integral over a local density, the surface term must arise from integrating a four-divergence term in the Lagrangian and the gravitational action functional (in the Euclidean sector, which we shall consider first) will have a generic form:

A_{grav} = ∫ V d^4x √ g ( L_{bulk} + ∇_iU^i ) = A_{bulk} + A_{sur} (5)

The vector U^a has to be built out of the normal u^i to the boundary ∂V of V, metric g_{ab} and the covariant derivative operator ∇_j acting at most once. The last restriction arises because the equations of motion should be of no order higher than two. (The normal u^i is defined only on the boundary ∂V but we can extend it to the bulk V, forming a vector field, in any manner we like since the action only depends on its value on the boundary.) Given these conditions, there are only four possible choices for U^i, viz. (u^j ∇^iu_j , u^j ∇_j u^i, u^i∇^j u_j , u^i). Of these four, the first one identically vanishes since u^j has unit norm; the second one — which is the acceleration a^i = u^j ∇_j u^i vanishes on integration since the boundary term is u_iU^i = a^iu_i = 0. Hence the most general vector U^i we need to consider is the linear combination of u^i and Ku^i where K ≡ −∇_iu^i is the trace of the extrinsic curvature of the boundary. Of these two, U^i = u^i will lead to the volume of the bounding surface which we will ignore. (It can be, in general, divergent and hence is not an acceptable candidate. In any case, retaining it does not alter any of our conclusions below). Thus the surface term (arising from Ku^i) must have the form

A_{sur} ∝ ∫ V d^4x √ g∇_i(Ku^i) = 1 8πG ∫ ∂V d^3x √ hK (6)

where G is a constant to be determined (which has the dimensions of area in natural units with c = ℏ = 1) and 8π factor is introduced with some hindsight.

What does the surface term contribute on the horizon? Consider a surface N = ϵ, 0 < τ < 2π/κ and the full range for the transverse coordinates; this surface is infinitesimally away from the horizon in the Euclidean spacetime described by Eq.(4) and has the unit normal u^a = κ(0, 1, 0, 0). Its contribution to the action is the integral of K = −∇_au^a = −(κ/ϵ) over the surface:

A_{sur} = − 1 8πG ∫ d^2x_⊥

∫_{2π/κ} 0 dτϵ ( κ ϵ ) = − 1 4 A_⊥ G (7) which is (minus) one quarter of the transverse area A_⊥ of the horizon, in units of G (which is still an undetermined constant). This contribution is universal and of course independent of ϵ so that the limit ϵ → 0 is trivial. (Also note that the term we ignored earlier, the integral over the four-volume of ∇_au^a, will not contribute on a horizon where ϵ → 0). Since the surface contribution is due to removing the inaccessible region, it makes sense to identify −A_{sur} with an entropy. The sign in Eq.(6) is correct with G > 0 since we expect — in the Euclidean sector — the relation exp(−A_{Euclid}) = exp S to hold, where S is the entropy.

Analytically continuing to the Lorentzian sector it is possible to show that (see Appendix A of ref.[2]) the surface term gives the contribution

A_{sur} = − 1 16πG ∫ V d^4x∂_aP^a (8)

where

P^a = − 1 √ −g ∂_b(gg^{ba}) = √ −g ( g^{ak}Γ^m_{km} − g^{ik}Γ^a_{ik} ) (9) It is clear that, while L_{bulk}(g, ∂g) in Eq.(5) can be made to vanish at any given event by going to the local inertial frame (in which g = η, ∂g = 0), one cannot make ∂_aP^a vanish in a local inertial frame. In such a frame, we have ∂_aP^a = −∂_a∂_bg^{ab}. This suggests that the true dynamical degrees of freedom of gravity reside in the surface term rather than in the bulk term, making gravity intrinsically holographic. Obviously, the really important term in the Hilbert action is the often neglected surface term! To understand this term which leads to the entropy of the horizon, let us explore it in a few simple contexts.

To begin with, consider spacetime metrics of the form g_{ab} = η_{ab} +h_{ab} with h_{ab} treated as a first order perturbation. In this case, P^a = ∂_b(η^{ab}h^i − h^{ab}) and the surface term

A_{sur} = − 1 16πG ∫ V d^4x∂_a∂_b(η^{ab}h^i − h^{ab}) (10)

is gauge invariant under the transformations h_{ab} → h_{ab} + ∂_aξ_b + ∂_bξ_a. (Sometimes it is claimed in the literature that a term which is invariant under such infinitesimal gauge transformations will be generally covariant under finite transformations. This is clearly not true and A_{sur} is an instructive counter example.) In the Newtonian limit with g_{00} = −(1 + 2ϕ), this leads to P = 2∇ϕ = −2g which is proportional to the gravitational acceleration. The contribution from any surface is then clearly the normal component of the acceleration, ie., surface gravity, even in the Newtonian limit. [As an aside, let me mention that this is rather intriguing. It is known that thermal effects of horizons have a classical analogue (see e.g.,[13]) and that statistical mechanics of systems with Newtonian gravity has several peculiar features (see e.g.,[14]); but one rarely studies matter interacting by Newtonian gravity from a (limit of the) action functional. It is not clear whether this result is of any deep significance.]

Let us next consider how the surface contribution varies when one goes from a local inertial frame to an accelerated frame by an infinitesimal transformation x^a → x^a + ξ^a in flat spacetime. It is easy to show that, in this case, P^a = −∂_i(∂^aξ^i − ∂^iξ^a). (While the variation in the metric depends on the symmetric combination δg^{ai} = ∂^aξ^i + ∂^iξ^a, the contribution to P^a arises from the antisymmetric combination.) For regular (nondistributional) functions, ∂_aP^a vanishes showing that the contribution from any given surface P^an_a is a constant. We are interested in the infinitesimal version of the transformation from inertial to Rindler coordinates, which corresponds to ξ^t = −κtx, ξ^x = −(1/2)κt^2. The surface term now picks up the contribution 2κ on each surface. Thus the surface term has a purely local interpretation and is directly connected with the acceleration measured by local Rindler observers. ( When P^a is a constant ∂_aP^a will vanish but one can still work out the constant contribution n_aP^a from a surface with normal n_a and interpret its value. The contribution we computed in Eq.(7) is indeed from the Rindler frame contribution but evaluated on a surface.)

Since (−A_{sur}) will give the entropy on the horizon in the Lorentzian sector, its variation δS_g = −δA_{sur} is of considerable interest. In particular, let us see how it varies under the infinitesimal coordinate transformation x^a → x^a + δx^a in a general, curved spacetime. It can be shown that [15]

δS_g = −δA_{sur} = 1 8πG ∫ V d^4x √ −g ∇_a(R^a_b δx^b) (11)

It is now possible to obtain Einstein’s equations by extremising a holographic action S_{tot} = S_g + S_{matter} under the variation x^a → x^a + δx^a. Here, S_g = −A_{sur} is the surface term of gravitational action and S_{matter} is given by S_{matter} ≡ ∫ V d^4x [ L √ −g − g_{ab} δL √ −g δg_{ab} ] (12)

where L is the standard matter Lagrangian. Using Eq.(11) and the fact that √ −gT_{ab} = −2(δL √ −g/δg^{ab}), it is easy to verify that demanding δS_{tot} = 0 for arbitrary choices of ξ^a and ∂V, leads to Einstein’s equations [15]. The first term in S_{matter} is the standard action one uses while the second term needs to be added for the variational principle to work with the S_{sur} . On the whole, the integrand in Eq. (12) is a Legendre transform of L √ −g with respect to g_{ab} (and deserves further analysis). What is noteworthy is that, in the gravitational sector we only need to retain the surface term to obtain Einstein’s equations.

Roughly speaking, the two terms in Eq. (12) are needed in order to provide both dE and pdV terms balancing the T dS entropy term. To gain some insight into this, let us consider a case in which the source of gravity is an ideal fluid with T_{ab} = (ρ + p)u_au_b + pg_{ab} and work out the variations explicitly (though the variational principle described above works for any matter source.) Consider a spacetime with a horizon and associated inverse temperature β related to a horizon. Let the displacement δx^a be in the direction normal to the horizon such that δx^a = 2n^aδx where n^au_a = 0. If we limit the time integral in Eq. (11) to the range (0, β) we have:

δA_{sur} δx = − β 4πG ∫ d^2x √ σ N(R_{ab}n^an^b). (13)

[The factor 2 in the definition of δx^a is introduced to take care of the symmetrization with respect to n^an^b in the functional derivative.] If the source is an ideal fluid, then R_{ab}n^an^b = 4πG(ρ − p) allowing us to write the above relation as

−β^{−1}δA_{sur} = − ∫ d^2x √ σ Npδx + ∫ d^2x √ σ Nρδx

= −p̄dV + dE_{matter} (14)

where p̄ is the mean pressure and the negative sign on pdV arises because it is work done on matter. The N factor in the integrands is required since the integrals need to be evaluated with β_{local} = T^{−1}_{local} = βN which corresponds to the local equilibrium temperature T/ √ g_{00}; the quantity β is just the value of the local temperature at N = 1. Since the left hand side is T dS, this provides a thermodynamic interpretation of Einstein’s equations. A virtual displacement of the horizon by an infinitesimal amount changes the entropy through the change in the surface term and induces corresponding changes dE_{matter} = −dE_{grav} and pdV . This result is easy to verify for spherically symmetric spacetimes explicitly [17] but the above derivation shows that it has a far greater domain of validity.

Incidentally, Eq. (11) shows that δA_{sur} = 0 (i) in all vacuum spacetimes with R^a_b = 0, generalizing the previous result that ∂_aδP^a = 0 in flat spacetime, or (ii) when ξ^a = 0 on ∂V which is the usual textbook case. (This is why δA_{bulk} = 0 gives covariant field equations even though A_{bulk} is not generally covariant.)

IV. DERIVATION OF EINSTEIN-HILBERT ACTION

The total Lagrangian for gravity in Eq. (5) is now [L_{bulk} √ −g − ∂_aP^a/16πG] which depends on the second derivatives of the metric through the ∂_aP^a term. Such lagrangians, having second derivatives (which does not affect the equation of motion), have a natural interpretation in terms of the momentum space representation. To see this, recall that the quantum amplitude for for the dynamical variables to change from q_1 (at t_1) to q_2 (at t_2) is given by

K (q_2, t_2; q_1, t_1) = ∑ paths exp [ i ℏ ∫ dt L_q(q, q̇) ] , (15)

where the sum is over all paths connecting (q_1, t_1) and (q_2, t_2), and the Lagrangian L_q(q, q̇) depends only on (q, q̇). When we study the same system in momentum space, we need to determine the corresponding amplitude for the system to have a momentum p_1 at t_1 and p_2 at t_2, which is given by the Fourier transform of K (q_2, t_2; q_1, t_1) on q_1, q_2. The path integral representation of this momentum space amplitude is:

G (p_2, t_2; p_1, t_1) = ∑ paths ∫ dq_1dq_2 exp [ i ℏ {∫ dt L_q − (p_2q_2 − p_1q_1) }]

= ∑ paths ∫ dq_1dq_2 exp [ i ℏ ∫ dt { L_q − d dt (pq) }]

≡ ∑ paths exp [ i ℏ ∫ L_p(q, q̇, q̈) dt ] . (16)

where

L_p ≡ L_q − d dt ( q ∂L_q ∂q̇ ) . (17)

In arriving at the last line of Eq. (16), we have redefined the sum over paths to include integration over q_1 and q_2. This result shows that, given any Lagrangian L_q(q, ∂q) involving only up to the first derivatives of the dynamical variables, it is always possible to construct another Lagrangian L_p(q, ∂q, ∂^2q) involving up to second derivatives, by Eq. (17) such that it describes the same dynamics but with different boundary conditions. While using L_p, one keeps the momenta fixed at the endpoints rather than the coordinates.

Thus, in the case of gravity, the same equations of motion can be obtained from A_{bulk} or from another action:

A_{grav} = ∫ d^4x √ −gL_{bulk} − ∫ d^4x∂_c [ g_{ab} ∂ √ −gL_{bulk} ∂(∂_cg_{ab}) ]

(18) We can now identify the second term in Eq. (18) with the A_{sur} in Eq. (8) thereby obtaining an equation that determines L_{bulk}: ( ∂ √ −gL_{bulk} ∂g_{ab,c} g_{ab} ) = P^c = − 1 16πG 1 √ −g ∂_b(gg^{bc}) (19)

It is straightforward to show that this equation is satisfied by the Lagrangian √ −gL_{bulk} = √ −g g^{ik} 16πG ( Γ^m_{iℓ} Γ^ℓ_{km} − Γ^ℓ_{ik}Γ^m_{ℓm} ) . (20)

This Lagrangian is precisely the first order Dirac- Schrodinger Lagrangian for gravity (usually called the Γ^2 Lagrangian). Given the two pieces √ −gL_{bulk} and −∂_aP^a, the final second order Lagrangian is, of course, just the sum, which turns out to be the standard Einstein-Hilbert Lagrangian: √ −gL_{grav} = √ −gL_{bulk} − ∂_cP^c = ( R √ −g 16πG ) . (21)

Since Eq.(19) involves only ∂L_{bulk}/∂(∂_ag_{bc}), one can add a constant to L_{bulk} without affecting anything. Observations suggest that our universe has a cosmological constant (or something which acts very similar to it [18]) and — unfortunately — our argument does not throw any light on this vital issue. We shall comment on this aspect towards the end.

V. STRUCTURE OF HILBERT ACTION

The first striking feature of Hilbert action is that it contains the second derivatives of the dynamical variables and hence a surface term. This feature had no explanation in conventional approaches, while it arises most naturally in the derivation given above.

Second, and probably the most vital point, is that the bulk and surface terms of the Hilbert action are related to each other by a very definite relation, viz., Eq.(18). Not only that this relation has no explanation in conventional approaches, it has not even been noticed or discussed in standard text books [19]. In the current approach, this relation again arises naturally and is central to determining the bulk term from the surface term.

Closely related to this is the third fact that neither L_{bulk} nor L_{sur} is geometrical. This is obvious in the Euclidean sector, in which we allowed for an extra vector field (the normal to the boundary) in the action, in addition to the metric tensor. It is central to our philosophy that the terms in the action can be (and indeed will be) different for different families of observers, since they will have access to different regions of spacetime. In fact, existence of a horizon is always dependent on the family of observers we consider. Even in Schwarzschild spacetime, in which a purely geometrical definition can be given to event horizon, the observers who are freely falling into the black hole will have access to more information than the observers who are stationary on the outside. Thus we expect the action to be foliation dependent though generally covariant.

The difference between foliation dependence and general covariance is worth emphasizing: One would have considered a component of a tensor, say, T_{00} as not generally covariant. But a quantity ρ = T_{ab}u^au^b is a generally covariant scalar which will reduce to T_{00} in a local frame in which u^a = (1, 0, 0, 0). It is appropriate to say that ρ is generally covariant but foliation dependent. In fact, any term which is not generally covariant can be recast in a generally covariant form by introducing a foliation dependence. The surface term and the bulk term we have obtained are foliation dependent and will be different for different observers. But the full action is, of course, foliation independent (We will see below that the full action can be interpreted as the thermodynamic free energy of spacetime). Incidentally, the content of Einstein’s equations can be stated entirely in terms of foliation dependent scalar quantities as follows: The scalar projection of R_{abcd} orthogonal to the vector field u^a is 16πGρ for all congruences. The projection is R_{abcd}h^{ac}h^{bd} = 2G_{ac}u^au^c where h^{ac} = (g^{ac} + u^au^c) and the rest follows trivially; this is a far simpler statement than the one found in some text books [20].

A. Action is the Free Energy of Spacetime

I will now turn to the form of the Einstein-Hilbert action for stationary spacetimes and show that, in this case it has a natural decomposition of the action into energy and entropy terms, the latter being a surface integral. Such spacetimes have a timelike Killing vector ξ^a in (at least) part of the region. While the discussion below can be done in a manifestedly covariant manner, it is clearer to work in a frame in which ξ^a = (1, 0, 0, 0). In any stationary spacetime, the R^a_0 components, in particular R^0, can be expressed as a divergence term

R^0 = 1 √ −g ∂_α( √ −gg^{0k}Γ^α_{0k}) (22)

This is most easily seen from the identity for the Killing vector

R^a_j ξ^j = R^a_0 = ∇_b∇^aξ^b = 1 √ −g ∂_b( √ −g∇^aξ^b) (23)

where the last relation follows from the fact that ∇^aξ^b is an antisymmetric tensor. Eq.(22) now follows directly on noticing that all quantities are time-independent. (For an index-gymnastics proof of the same relation, see [22] section 105). On the other hand, in any spacetime, one has the result: −2G^0 = −16πH_{ADM} = 16πρ where the last relation holds on the mass shell. We can now express the Einstein-Hilbert action as an integral over R = 2(R^0 − G^0). Since the spacetime is stationary, the integrand is independent of time and we need to limit the time integration to a finite range (0, β) to get a finite result. Converting the volume integral of R^0 over 3-space to a surface integral over the 2-dimensional boundary, we can write the Einstein-Hilbert action in any stationary spacetime as

A_{EH} = β ∫ N √ hd^3x ρ + β 8π ∫ d^2x √ σ Nn_α(g^{0k}Γ^α_{0k})

≡ βE − S (24)

where N = √ −g_{00} is the lapse function, h is the determinant of the spatial metric and σ is the determinant of the 2-metric on the surface. In a class of stationary metrics with a horizon and associated temperature the time interval has natural periodicity in β, which can be identified with the inverse temperature. Also note that the βN factor in Eq.(24) is again exactly what is needed to give the local Tolman temperature T_{loc} = β^{−1}_{loc} ≡ (βN)^{−1} = T/ √ −g_{00} so one is actually integrating β_{loc}ρ over all space, as one should, in defining E. When the 2-surface is a horizon, the integral over R^0 gives the standard expression for entropy obtained earlier. This allows identification of the two terms with energy and entropy; together the Einstein action can be interpreted as giving the free energy of space time.

It is possible to obtain the above decomposition more formally. The curvature tensor R^{ab}_{cd} has a natural decomposition in terms of 3 spatial tensors (see sec. 92 of [22]) corresponding to S^α_β = R^{0α}_{0β} ; E^α_β = (1/4)ϵ^α_{μν} R^{μν}_{ρσ} ϵ^{ρσ}_β (and B^α_β = ϵ^{μν}_β R^{0α}_{μν} which we will not need). In any spacetime, the trace of these tensors have a simple physical meanings: 2E^α_α = −2G^0 = 16πρ is essentially the numerical value of ADM Hamiltonian density while S ≡ S^α_α = R^0. Since the scalar curvature is R = 2(S + E) we can make the decomposition:

A_{grav} = β 8π ∫ N √ hd^3x [S + E] = −S + βE (25)

in any stationary spacetime. This shows that S and E are true scalars in 3-dimensional subspace and the decomposition has a geometric significance.

In fact, one can go further and provide a 4-dimensional covariant (but foliation dependent) description of the entropy and energy of spacetime. Given a foliation based on a timelike congruence of observers (with u^a denoting the four velocity) one can write: S^a_b = R^{ia}_{jb}u_iu^j ; E^a_b = ∗R^{ia}_{jb}u_iu^j where^∗R^{ab}_{cd} is the dual of the curvature tensor:^∗R^{ab}_{cd} = (1/4)ϵ^{ab}_{mn}R^{mn}_{rs} ϵ^{rs}_{cd} . It is easy to see that the contraction of S^a_b , E^a_b with u^a on any of the indices vanishes, so that they are essentially “spatial” tensors; clearly, they reduce to the previous definitions when u_0 = (1, 0, 0, 0). The action can now be written with a covariant separation of the two terms:

A_{grav} = 1 8π ∫ √ −gd^4x Tr[(R^{ia}_{jb} +^∗R^{ia}_{jb})u_iu^j ] (26)

where the trace is over the remaining indices. Given a family of observers with four velocities u^i this equation identifies an energy and entropy perceived by them. This approach has a direct geometrical significance, since the representation of the curvature as differential form R^{ab} = dω^{ab} + ω^a_c ∧ ω^{cb} = R^{ab}_{|cd|}ω^c ∧ ω^d (see sec 14.5, ex. 14.14 of [20]) uses a matrix representation with S^α_β , E^α_β as the block diagonal terms and with the action becoming the trace.

As an explicit example, consider the class of stationary metrics, parametrized by a vector field v(x) is given by

ds^2 = −dt^2 + (dx − vdt)^2 (27)

Consider first the spherically symmetric case in which v = v(r)r̂ with v^2 ≡ −2ϕ. In this case, 2S = −2∇^2ϕ, 2E = −(4/r^2)(rϕ)^′ . Let us compute the contribution of the action on the horizon at r = a, where v^2 = 1, −ϕ^′ = κ. Evaluating the integral over R = 2(S + E), we get the contribution:

A_{grav} = −πa^2 + β a 2 = −S + βE (28)

The first term (one quarter of horizon area, which arises from 2S) is the entropy and we can interpret the second term (which arises from 2E) as βE. This becomes βM in the case of Schwarzschild metric [16]. Hence the full action has the interpretation of βF where F is the free energy. (See [17, 23] for more details). Thus the extremisation of the action corresponds to extremising the free energy, thereby providing a fully thermodynamic interpretation. (Incidentally, for the Schwarzschild metric S = 4πM^2, βE = 8πM^2 making S−βE = −4πM^2 = −S ! The temptation to interpret the full action as entropy should be resisted, since this is a peculiar feature special to Schwarzschild).

Similar results arise for all metrics in Eq.(27). These metrics [21] have the following properties: (i) The spatial (dt = 0) sections are flat with^3R = 0. (ii) The metric has unit determinant in Cartesian spatial coordinates.(iii) The acceleration field a^i = u^j ∇_j u^i vanishes. (iv) There is a horizon on the surface v^2(x) = 1. (iv) The extrinsic curvature is K_{αβ} = (1/2)(∂_αv_β +∂_β v_α). (v) For this spacetime, 2E again gives the energy density; the entropy term is: 2S = ∇·[−∇ϕ+(v·∇)v]. The integral now gives the normal component of a = −∇ϕ+(v·∇)v which has two contributions to the acceleration: the −∇ϕ (with v^2 = −2ϕ) is the standard force term while (v · ∇)v is the ”fluid” acceleration dv/dt when ∂v/∂t = 0. So the interpretation of surface gravity leading to entropy holds true in a natural manner.

If v is irrotational, then the two terms are equal and we get 2S = −2∇^2ϕ leading to an entropy which is onequarter of the area of the horizon. Thus the result for spherically symmetric case holds for all metrics of the form in Eq.(27) with ∇ × v = 0.

B. There is more to gravity than gravitons

Another striking feature of Einstein-Hilbert action — again, not emphasized in the literature — is that it is non analytic in the coupling constant when perturbed around flat spacetime. To see this, consider the expansion of the action in terms of a “graviton field” h_{ab}, by g_{ab} = η_{ab} + λh_{ab} where λ = √ 16πG has the dimension of length and h_{ab} has the correct dimension of (length)^{−1} in natural units with ℏ = c = 1. Since the scalar curvature has the structure R ≃ (∂g)^2 + ∂^2g, substitution of g_{ab} = η_{ab} + λh_{ab} gives to the lowest order:

L_{EH} ∝ 1 λ^2

R ≃ (∂h)^2 + 1 λ ∂^2h (29)

Thus the full Einstein-Hilbert Lagrangian is non-analytic in λ because the surface term is non-analytic in λ! It is sometimes claimed in literature that one can obtain Einstein-Hilbert action for gravity by starting with a massless spin-2 field h_{ab} coupled to the energy momentum tensor T_{ab} of other matter sources to the lowest order, introducing self-coupling of h_{ab} to its own energy momentum tensor at the next order and iterating the process. It will be preposterous if, starting from the Lagrangian for the spin-2 field, (∂h)^2, and doing a honest iteration on λ, one can obtain a piece which is non-analytic in λ (for a detailed discussion of this and related issues, see [24]). At best, one can hope to get the quadratic part of L_{EH} which gives rise to the Γ^2 action A_{bulk} but not the four-divergence term involving ∂^2g. The nonanalytic nature of the surface term is vital for it to give a finite contribution on the horizon and the horizon entropy cannot be interpreted in terms of gravitons propagating around Minkowski spacetime. Clearly, there is lot more to gravity than gravitons.

This result has implications for the G → 0 limit of the entropy term S = (1/4)(A_⊥/G) we have obtained. If the transverse area A_⊥ scales as (GE)^2 where E is an energy scale in the problem (as in Schwarzschild geometry), then S → 0 when G → 0. On the other hand if A_⊥ is independent of G as in the case of e.g., De Sitter universe with A_⊥ = 3π/Λ, where Λ is an independent cosmological constant in the theory, unrelated to G (or even in the case of Rindler spacetime) then the entropy diverges as G → 0. (In all cases, the entropy diverges as ℏ → 0). This non analytic behaviour for a term in action, especially in the case of flat spacetime in nontrivial coordinates, is reminiscent of the θ vacua in gauge theory. We shall explore this feature more closely in the next section.

VI. SINGULAR COORDINATE TRANSFORMATIONS AND NON TRIVIAL TOPOLOGY

The Euclidean structure of a wide class of spacetimes with horizon is correctly represented by the Euclidean Rindler metric in Eq. (4). This is obvious from the fact that the horizon is mapped to the origin of the N−τ plane which is well localized in the Euclidean sector, making the approximation by a Rindler metric rigorously valid. It is therefore important to understand how non trivial effects can arise “just because” of a coordinate transformation from the inertial to Rindler coordinates. After all, in the inertial coordinates in flat spacetime Γ^a_{bc} = 0 making both L_{bulk} and P^a individually zero while in the Rindler coordinates P^a ≠ 0 leading to Eq.(7). We shall provide some insights into this issue.

We begin by recalling some formal analogy between gravity and non-Abelian gauge theories. If the connection coefficients Γ^j_{ak} ≡ (Γ_a)^j_k are represented as the elements of matrices Γ_a (analogous to the the gauge potential A_a), then the curvature tensor can be represented as R_{ab} = ∂_aΓ_b − ∂_bΓ_a + Γ_aΓ_b − Γ_bΓ_a (30)

(with two matrix indices suppressed) in a form analogous to the gauge field F_{ab}. Consider now an infinitesimal coordinate transformation x^a → x^a + ξ^a from a local inertial frame to an accelerated frame. The curvature changes by

δR_{ab} = ∂_aδΓ_b − ∂_bδΓ_a (31) since ΓδΓ term vanishes in the local inertial frame. For a coordinate transformation in flat spacetime, we will expect δΓ_a to be pure gauge in the form δΓ_a = ∂_aΩ, so that δR_{ab} = 0. For x^a → x^a + ξ^a, we do have δΓ_a = ∂_aΩ where Ω is a matrix with elements Ω^i_j = −∂_j ξ^i so it would seem that δR_{ab} = 0. However, there is subtlety here.

Recall that, in standard flat spacetime electrodynamics one can have vector potential A_i = ∂_iq(x^a) which appears to be a pure gauge connection but can have non-zero field strengths. If we take x^a = (t, r, θ, ϕ) and q(x^a) = ϕ, then the vector potential A_i = ∂_i(ϕ) is not pure gauge and will correspond to a magnetic flux confined to an Aharanov- Bohm type solenoid at the origin. This is easily verified from noting that the line integral of A_idx^i around the origin will lead to a non-zero result, showing ∇ × A is non zero at the origin corresponding to x^2 + y^2 = 0 in the Cartesian coordinates. In this case q(x^a) = ϕ is a periodic coordinate which is the reason for the nontrivial result.

The same effect arises in the the case of a transformation from inertial to Rindler coordinates near any horizon in the Euclidean sector in which τ is periodic. In this case, ξ^a = (−κtx, −(1/2)κt^2, 0, 0) and the matrix Ω^i_j = −∂_j ξ^i has the nonzero components Ω^0 = κx, Ω^1_0 = κt = Ω^0_1. The line integral of δΓ_0 over a circle of radius x around the origin in Euclidean τ − x plane is given by ∮ δΓ_0dx^0 =

∫_{2π/κ} 0 dτ∂_0Ω = Ω | | | 2π/κ 0 = 2π (32)

for the (^0_1), (^1_0) components of the matrix Ω. The nonzero value for this integral shows that the curvature δR_{ab} in Eq.(31) is nonzero and is concentrated on the origin of the τ −x plane (which is the horizon in Lorentzian spacetime)! Just as the Aharanov-Bohm effect introduces non zero winding number in space, the concentrating of the scalar curvature in the origin of the Euclidean plane leads to a non zero winding number in the presence of horizons and thermal effects. Since the topological feature arises due to a circle of infinitesimal radius around the origin in the Euclidean case, the analysis should work for any horizon which can be approximated by a Rindler metric near the horizon.

In non-Abelian gauge theories there exist pure gauge configurations in which the gauge potential cannot be made to vanish everywhere. These configurations, usually called theta vacua, exist because of the existence of gauge transformations which cannot be continuously deformed to identity. In the case of gravity, the analogy is provided by singular coordinate transformation which converts a line element with g_{00} < 0 everywhere to a metric with g_{00} = −N^2(x) vanishing at some surface. The transformation from inertial coordinates to Rindler coordinates or, more generally, from the Kruskal type coordinates to Schwarzschild type coordinates belongs to this class. An immediate effect of such a transformation is that analytic continuation in t makes τ = it a periodic (“angular”) coordinate, with period 2π/κ leading to the result in Eq.(31).

A new issue, which is conceptually important, arises while doing quantum field theory in a spacetime with a N = 0 surface. All physically relevant results in the spacetime will depend on the combination Ndt rather than on the coordinate time dt. The Euclidean rotation t → te^{iπ/2} can equivalently be thought of as the rotation N → Ne^{iπ/2}. This procedure becomes ambiguous on the horizon at which N = 0. But the family of observers with a horizon, will indeed be using a comoving co-ordinate system in which N → 0 on the horizon. Clearly we need a new physical principle to handle quantum field theory as seen by this family of observers.

One possible way is to regularize g_{00} and treat the Rindler type metric as a limit of a sequence of metrics parameterized by a regulator ϵ. The nature of the regulator can be obtained by noting that the Euclidean rotation is equivalent to the iϵ prescription in which one uses the transformation t → t(1 + iϵ) which, in turn, translates to N → N(1 + iϵ). Expanding this out, we get N → N + iϵ sign(N), which can be combined into the form N^2 → N^2 + ϵ^2. To see the effect of this regulator, let us consider [12] a class of metrics of the form

ds^2 = −f(x)dt^2 + dx^2 + dy^2 + dz^2 (33)

where (i)f is an even function of x, (ii)f > 0 for all x and (iii)the metric is asymptotically Rindler: f(x^2) → κ^2x^2 as x^2 → ∞). The Einstein Hilbert action for these metrics is

A = −2 ( A_⊥ 4G ) ( κβ 2π ) (34)

Since R is independent of t and the transverse coordinates, we have to restrict the integration over these to a finite range with 0 ≤ t ≤ β and A_⊥ being the transverse area. We see that the result is completely independent of the detailed behaviour of f(x) at finite x. Let us now consider the class of two parameter metrics with f(x) = ϵ^2 + κ^2x^2. When κ = 0 this metric represents flat spacetime in standard Minkowski coordinates and the action in Eq. (34) vanishes; the metric also represents flat spacetime for ϵ = 0 but now in the Rindler coordinates. Since the result in Eq. (34) holds independent of ϵ, it will continue to hold even when we take the limit of ϵ tending to zero. But when ϵ goes to zero, the metric reduces to standard Rindler metric and one would have expected the scalar curvature to vanish identically, making A vanish identically! Our result in (34) shows that the action is finite even for a Rindler spacetime if we interpret it as arising from the limit of this class of metrics. It is obvious that, treated in this limiting fashion, as ϵ goes to zero R should become a distribution in x^2 such that it is zero almost everywhere except at the origin and has a finite integral. For finite values of (ϵ, κ) the spacetime is curved with only nontrivial component:

R = −

2ϵ^2κ^2 (ϵ^2 + κ^2x^2)^2 = − 1 2 R^t_{xtx} (35)

There is no horizon when ϵ ≠ 0. When ϵ ≠ 0, κ → 0 limit is taken, we obtain the flat spacetime in Minkowski coordinates without ever producing a horizon. But the limit κ ≠ 0, ϵ → 0 leads to a different result: when ϵ → 0, a horizon appears at x = 0 and, in fact, the scalar curvature R in Eq. (35) becomes the distribution

lim_{ϵ→0} R = −2δ(x^2) (36)

showing that the curvature is concentrated on the surface x^2 = 0 giving a finite value to the action even though the metric is almost everywhere flat in the limit of ϵ → 0. The entire analysis goes through even in the Euclidean sector, showing that the curvature is concentrated on x^2 = X^2 + T^2_E = 0 which agrees with the result obtained earlier in Eq.(32).

VII. ELASTICITY OF THE SPACETIME SOLID

The analysis so far indicates a perspective towards gravity with the following key ingredients.

(i) The horizon perceived by a congruence of observers dictates the form of the action functional to be used by these observers. This action has a surface term which can be interpreted as an entropy.

(ii) The active version of the coordinate transformation x^a → x^a + ξ^a acquires a dynamical content through Eq. (14). Interpreting the virtual displacement of the horizon in terms of a thermodynamic relation, one can obtain the equations of gravity purely from the surface term.

(iii) The metric components become singular on the horizon in the coordinate system used by the congruence of observers who perceive the horizon. The transformation from this coordinate system to a non singular coordinate system (like the locally inertial coordinate system) near the horizon will require the use of a coordinate transformation which itself is singular. In the Euclidean sector, such transformations lead to non trivial effects.

Given these results, it is interesting to pursue the analogy between spacetime and an elastic solid further and see where it leads to. In particular, such an approach will treat variables like g_{ab}, T_{ab}, etc. as given functions which are not dynamic. We should be able to obtain a variational principle in terms of some other quantities but still obtain Einstein’s equations. I will now describe one such approach.

Let us begin by noting that, in the study of elastic deformation in continuum mechanics [25], one begins with the deformation field u^α(x) ≡ x̄^α − x^α which indicates how each point in a solid moves under a deformation. The deformation contributes to the thermodynamic functionals like free energy, entropy etc. In the absence of external fields, a constant u^α cannot make a contribution because of translational invariance. Hence, to the lowest order, the thermodynamical functionals will be quadratic in the scalars constructed from the derivatives of the deformation field. The derivative ∂_μu_ν can be decomposed into an anti symmetric part, symmetric traceless part and the trace corresponding to deformations which are rotations, shear and expansion. Since the overall rotation of the solid will not change the thermodynamical variables, only the other two components, S_{μν} ≡ ∂_μu_ν +∂_ν u_μ −(1/3)δ_{μν} ∂_αu^α and ∂_αu^α, contribute. The extremisation of the relevant functional (entropy, free energy ....) allows one to determine the equations which govern the elastic deformations.

The analogue of elastic deformations in the case of spacetime manifold will be the coordinate transformation x^a → x̄^a = x^a + ξ^a(x). Our paradigm requires us to take this transformation to be of fundamental importance rather than as “mere coordinate relabelling”. In analogy with the elastic solid, we will attribute a thermodynamic functional — which we shall take to be the entropy — with a given spacetime deformation. This will be a quadratic functional of Q_{ab} ≡ ∇_aξ_b in the absence of matter. The presence of matter will, however, break the translational invariance and hence there could be a contribution which is quadratic in ξ_a as well. We, therefore, take the form of the entropy functional to be S = 1 8πG ∫ d^4x √ −g [ M^{abcd}∇_aξ_b∇_cξ_d + N_{ab}ξ^aξ^b ] (37) where the tensors, M^{abcd} and N_{ab} are yet to be determined. They can depend on other coarse grained macroscopic variables like the matter stress tensor T_{ab}, metric g_{ab}, etc. (The overall constant factor is again introduced with hindsight.) Extremising S with respect to the deformation field ξ^a will lead to the equation

∇_a(M^{abcd}∇_c)ξ_d = N^{bd}ξ_d (38)

In the case of elasticity, one would have used such an equation to determine the deformation field ξ^a(x). But the situation is quite different in the case of spacetime. Here, in the coarse grained limit of continuum spacetime physics, one requires any deformation ξ^a(x) to be allowed in the spacetime provided the background spacetime satisfies Einstein’s equations. Hence, if our ideas are correct, we should be able to choose M^{abcd} and N_{ab} in such a way that Eq.(38) leads to Einstein’s equation when we demand that it should hold for any ξ^a(x).

Incredibly enough, this requirement is enough to uniquely determine the form of M^{abcd} and N_{ab} to be:

M^{abcd} = g^{ad}g^{bc} − g^{ab}g^{cd}; N_{ab} = 8πG(T_{ab} − 1 2 g_{ab}T ) (39)

where T_{ab} is the macroscopic stress-tensor of matter. In this case, the entropy functional becomes S ∝ ∫ d^4x √ −g [ (∇_aξ^b)(∇_bξ^a) − (∇_bξ^b)^2 + N_{ab}ξ^aξ^b ]

= 1 8πG ∫ d^4x √ −g (40) × [ Tr (Q^2) − (Tr Q)^2 + 8πG ( T_{ab} − 1 2 g_{ab}T ) ξ^aξ^b ] where Q_{ab} ≡ ∇_aξ_b. The variation with respect to ξ^a leads to the Eq.(38) which, on using Eq.(39), gives:

(∇_a∇_b − ∇_b∇_a)ξ^a = 8πG ( T_{ab} − 1 2 g_{ab}T ) ξ^a (41)

The left hand side is R_{ab}ξ^a due to the standard identity for commuting the covariant derivatives. Hence the equation can hold for arbitrary ξ^a only if

R_{ab} = 8πG ( T_{ab} − 1 2 g_{ab}T ) (42)

which is the same as Einstein’s equations. This result is worth examining in detail:

To begin with, note that we did not vary the metric tensor to obtain Eq.(42). In this approach, g_{ab} and T_{ab} are derived macroscopic quantities and are not fundamental variables. Einstein’s equations arise as a consistency condition, reminiscent of the way it is derived in some string theory models due to the vanishing of beta function [26]. While the idea of spacetime being an “elastic solid” has a long history (starting from Sakharov’s work in [1]), all the previous approaches try to obtain a low energy effective action in terms of g_{ab}s and then vary g_{ab} to get Einstein’s equations. Our approach is very different and is a simple consequence of taking our paradigm seriously.

Second, this result offers a new perspective on general coordinate transformations which are treated as akin to deformations in solids. General covariance now arises as a macroscopic symmetry in the long wavelength limit, when the spacetime satisfies the Einstein’s equations. In this limit, the deformation should not change the thermodynamical functionals. This is indeed true; the expression for the entropy in Eq.(37) reduces to a fourdivergence when Einstein’s equations are satisfied (“on shell”) making S a surface term: S = 1 8πG ∫ V d^4x √ −g ∇_i(ξ^b∇_bξ^i − ξ^i∇_bξ^b) = 1 8πG ∫ ∂V d^3x √ h n_i(ξ^b∇_bξ^i − ξ^i∇_bξ^b) (43)

The entropy of a bulk region V of spacetime resides in its boundary ∂V when Einstein’s equations are satisfied. In varying Eq.(37) to obtain Eq.(38) we keep this surface contribution to be a constant.

This result has an important consequence. If the spacetime has microscopic degrees of freedom, then any bulk region will have an entropy and it has always been a surprise why the entropy scales as the area rather than volume. Our analysis shows that, in the semiclassical limit, when Einstein’s equations hold to the lowest order, the entropy is contributed only by the boundary term and the system is holographic.[16]

This result can be connected with our earlier one in Eq. (7) by noticing that, in the case of spacetime, there is one kind of “deformation” which is rather special — the inevitable translation forward in time: t → t + ϵ. More formally, one can consider this as arising from x^a → x^a + ξ^a where ξ^a = u^a is the unit normal to a spacelike hypersurface. Then ξ^an_a = 0, making the second term in Eq. (43) vanish; the first term will lead to the integral over the surface gravity; in the Rindler limit it will give Eq. (7). While the results agree, the interpretation is quite different. The deformation field corresponding to time evolution hits a singularity on the horizon, which is analogous to a topological defect in a solid. The entropy is the price we pay for this defect. Alternatively, in the Euclidean sector, the vector u_i = ∂_it goes over to ∂_iθ where θ is a periodic coordinate. The time translation becomes rotation around the singularity in the origin of 01 plane.

Finally, let us consider the implications of our result for the cosmological constant for which T_{ab} = ρg_{ab} with a constant ρ. Then, T_{ab} −^1_2 g_{ab}T = −ρg_{ab} and the coupling term N_{ab}ξ^aξ^b for matter is proportional to ξ^2. If we vary Eq.(37) but restrict ourselves to vectors of constant norm, then the vector field does not couple to the cosmological constant! In this case, one can show that the variation leads to the equation:

R_{ab} − 1 4 g_{ab}R = 8πG(T_{ab} − 1 4 g_{ab}T ) (44)

in which both sides are trace free. Bianchi identity can now be used to show that ∂_a(R + 8πGT ) = 0, requiring (R + 8πGT ) = constant. Thus cosmological constant arises as an (undetermined) integration constant in such models [27], and could be interpreted as a Lagrange multiplier that maintains the condition ξ^2 = constant. This suggests that the effect of vacuum energy density is to rescale the length of ξ^a. The quantum micro structure of spacetime at Planck scale is capable of readjusting itself, soaking up any vacuum energy density which is introduced. Since this process is inherently quantum gravitational, it is subject to quantum fluctuations at Planck scales. The cosmological constant we measure corresponds to this small residual fluctuation and will depend on the volume of the spacetime region that is probed. It is small, in the sense that it has been reduced from L^{−2}_P to L^{−2}_P (L_P H_0)^2, (where L_P is the Planck length and H_0 is the current Hubble constant) which indicates the fact that fluctuations — when measured over a large volume — is small compared to the bulk value. A tentative implementation of this suggestion was made in ref.[28] but one needs to work harder to find a microscopic realization of these ideas.

Acknowledgements

I thank Apoorva Patel and K.Subramanian for discussions.

[1] Sakharov, A. D., Sov. Phys. Dokl., 12, 1040 (1968);

T. Padmanabhan, Int. Jour. Mod. Phys. D (2004) (in press)[gr-qc/0408051]; M.B.Cantcheff,hep-th/0408151; J.Makela, A. Peltola, Phys.Rev.D69,124008 (2004); For a discussion of condensed matter analogues, see G. E. Volovik, The universe in a helium droplet (Oxford University Press, UK, 2003).

[2] T. Padmanabhan Gravity and the Thermodynamics of Horizons, Phys. Rep. (in press) [gr-qc/0311036].

[3] For reviews, see B. S. Dewitt, Phys. Rept. 19 (1975) 295–357; L. Sriramkumar, T. Padmanabhan, Int. J. Mod. Phys. D11 (2002) 1–34, [gr-qc-9903054]; R. Brout et al., Phys. Rept. 260 (1995) 329–454; D. W. Sciama et al., Adv. Phys. 30 (1981) 327–366; T. Padmanabhan, Mod. Phys. Lett. A17 (2002) 923–942, [gr-qc/0202078].

[4] A non-representative sample of papers related to our discussion are: G. W. Gibbons, S. W. Hawking, Phys. Rev. D15 (1977) 2752–2756; K. Srinivasan, T. Padmanabhan, Phys. Rev. D60 (1999) 024007, [gr-qc-9812028]; M. Visser, Phys. Rev. D48 (1993) 5697–5705; T. Padmanabhan, Phys. Lett. B173 (1986) 43–45; Phys. Rev. Lett. 81 (1998) 4297–4300, [hep-th-9801015]; Phys. Rev. D59 (1999) 124012, [hep-th-9801138]; T. Jacobson, Phys. Rev. Lett. 75 (1995) 1260–1263. M. Francaviglia, M. Raiteri,Class.Quant.Grav.21(2004),3459; H.Culetu, hep-th/0409079; D.V. Fursaev,gr-qc/0404038; D.Marolf et al.,Phys.Rev.D69:064006,(2004); A.J.M. Medved et al.,Phys.Rev.D70,024009,(2004).

[5] T. Padmanabhan, Mod. Phys. Lett. A17 (2002) 1147– 1158, [hep-th/0205278]; Astroph. Sp. Sci. 285 (2003) 407, [gr-qc/0209088]; Gen.Rel.Grav. 35 (2003) 2097–2103; Gen. Rel. Grav. 34 (2002) 2029–2035, [gr-qc/0205090].

[6] G. Date, Class. Quant. Grav. 18 (2001) 5219–5226;

A. Ashtekar, B. Krishnan, Phys. Rev. D68 (2003) 104030.

[7] The Greek indices vary over 1-3 and Latin indices go over 0-3. Except for this, we use the conventions of ref.[20].

[8] J. D. Brown, Phys. Rev. D52 (1995) 7011–7026. [9] S. A. Fulling, Phys. Rev. D7 (1973) 2850–2862; P. C. W.

Davies, J. Phys. A8 (1975) 609–616; D. G. Boulware, Phys. Rev. D11 (1975) 1404; W. Troost, H. van Dam, Nucl. Phys. B152 (1979) 442; E. Keski-Vakkuri, P. Kraus, Nucl. Phys. B491 (1997) 249–262; M. K. Parikh, F. Wilczek, Phys. Rev. Lett. 85 (2000) 5042– 5045; S. Shankaranarayanan, et al., Mod. Phys. Lett. A16 (2001) 571–578, [gr-qc-0007022]; Class. Quant. Grav. 19 (2002) 2671–2688, [gr-qc/0010042].; T. Padmanabhan, Mod.Phys.Letts. A 19 (2004) 2637–2643, [grqc/0405072]; A. J. M. Medved, Phys. Rev. D66 (2002) 124009; J. S. Dowker, Class. Quant. Grav. 11 (1994) L55–L60; W. Israel, Phys. Lett. A57 (1976) 107–110; J. Callan, Curtis G., F. Wilczek, Phys. Lett. B333 (1994) 55–61.

[10] T. Padmanabhan, A. Patel, Role of horizons in semiclassical gravity: Entropy and the area spectrum, [grqc/0309053] (2003) [11] S. M. Christensen, M. J. Duff, Nucl. Phys. B146 (1978) 11. [12] T. Padmanabhan, Mod. Phys. Letts. A 18 (2003) 2903, [hep-th/0302068].

[13] K. Srinivasan et al., Phys. Rev. D 56 (1997) 6692;

K. Srinivasan et al., Int. J. Mod. Phys. D 6 (1997) 607; M. Visser, Int. J. Mod. Phys. D12 (2003) 649–661.

[14] T.Padmanabhan, Phys. Rept. 188 , 285 (1990); R.

Nityananda, T. Padmanabhan, MNRAS , 271 , 976, (1994) [gr-qc-9304022]; D. Lynden-Bell, [cond-mat- 9812172].

[15] I have not seen this expression in standard textbooks.

One can obtain this directly, but tediously, from the textbook expressions for g^{ab}δR_{ab}; or, more cleverly, using the result that the local variation δ(Q √ −g) = − √ −g ∇a(Qξ^a) for any scalar Q. Simple manipulation with Q = R gives the result. Similarly, the variation of Eq.(12) can be obtained by using Q = T . This approach will be discussed, in detail, in a separate publication.

[16] Thus entropy can be expressed as a surface term or as volume integral; this result has been stressed by J.D.Bjorken and applied in the context of QCD etc. see J.D. Bjorken, astro-ph/0404233.

[17] T. Padmanabhan, Class. Quant. Grav. 19 (2002) 5387– 5408, [gr-qc/0204019].

[18] J. R. Ellis, Phil. Trans. Roy. Soc. Lond. A 361, 2607 (2003); T.Padmanabhan, astro-ph/0411044; T. Padmanabhan, T. R. Choudhury, Phys. Rev. D66 (2002) 081301 [hep-th/0205055]; J.S.Bagla et al., Phys. Rev. D D 67, 063504 (2003) [astro-ph/0212198]; H.K.Jassal et al., MN- RAS Letters (in press) [astro-ph/0404378].

[19] As far as I know, this relation was first discussed in an unpublished work by D.Lynden-Bell and I in 1994 and is given as an exercise in my book Cosmology and astrophysics - through problems (Cambridge university press, 1996) p. 170; p. 325. Later I exploited it to obtain gravity in ref. [5]. It is surprising such a relation went unnoticed for nearly eight decades!

[20] C.W. Misner, K.S. Thorne, and J.A. Wheeler. Gravitation Freeman and Co., 1973, page 422.

[21] This is essentially a special case of an exercise in sec.95 of [22] but has been discussed extensively in literature. See e.g. M.Visser [gr-qc/9712010], A.J.S. Hamilton and J.P.Lisle [gr-qc/0411060] and references therein. In the case of Schwarzschild metric with v = (2M/r)^{1/2}r̂, this is called Painleve-Gullstrand coordinates, which have been (re)discovered several times.

[22] L.D.Landau, E.M.Lifshitz, Classical Theory of Fields, (Pergamon, 1975).

[23] T. Padmanabhan, Class. Quant. Grav. 21 (2004) 4485– 4494, [gr-qc/0308070].

[24] T. Padmanabhan, From gravitons to gravity: Myths and reality, [gr-qc/0409089] (2004).

[25] L.D.Landau, E.M.Lifshitz, Theory of Elasticity, Pergamon (1975).

[26] M. Green, J. Schwarz and E. Witten, Superstring Theory, vol. 1,2, Cambridge University Press (1988).

[27] S. Weinberg, Reviews of Modern Physics, 61, p.1 (1989);

T. Padmanabhan, Phys. Rept. 380 (2003) 235–320 [hepth/0212290]; Van der Bij J.J. et.al, Physica 116A, 307 (1982); Buchmuller W. and N. Dragon, Phys.Lett. B207, 292, 1988; and references cited therein.

[28] T. Padmanabhan, Class. Quan. Grav. 19 (2002) L167, [gr-qc/0204020]; hep-th/0406060.