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We study the junction conditions for non-spherical collapsing radiating star consisting
of a shearing fluid undergoing radial heat flow with outgoing radiation. Radiation of
the system is described by plane symmetric version of Vaidya solution. Junction con-
ditions which match the collapse solutions to an exterior Vaidya metric show that, at
the boundary, the pressure is proportional to the magnitude of the heat flow vector.
Physical quantities, analogous to spherical symmetry related to the local conservation of
momentum and surface red-shift, are also obtained. Finally, exact gravitational collapse
solutions, for both shear and shear-free case, have been obtained by integrating a field
equation.
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1. Introduction

Gravitational collapse is one of the most thorny and important problem in classical
general relativity. It has many interesting applications in astrophysics where the
formation of compact stellar objects such as white dwarf and neutron star are
usually preceded by a period of radiative collapse. In the framework of Einsteins
general theory of relativity the study of gravitational collapse requires to solve the
Einstein equations for the collapsing fluid with a realistic equation of state and
transport properties. It is also necessary to describe adequately the geometry of
interior and exterior regions and to give conditions which allow matching of these
regions.

*Author to whom all correspondence should be directed.
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The pioneering work on gravitational collapse appeared in the famous paper of
Oppenheimer and Snyder ! in which they studied collapse of dust with a static
Schwarzschild exterior whereas the interior space-time is represented by Friedman
like solution. This work established an early frontier in our understanding of the
evolution of the late stages of gravitational collapse. Since that time, many authors
have added to a more realistic treatment of the collapse. The case with static exterior
was studied by Misner and Sharp 2, for a perfect fluid in the interior. Outgoing
radiation of the collapsing body has been considered by Vaidya 3. It then become
possible to model the radiating star by matching them to exterior Vaidya space-
time 4°. The inclusion of the dissipation in the source by allowing radial heat
flow while the body undergoes radiating collapse has been advanced by Santos and
collaborators °:6:7:8:9:10,

These studies were restricted to spherically symmetric space-times. On the other-
hand, non-spherical collapse not so well understood. However, non-spherical collapse
could occur in real astrophysical situation, and it is also important for a better
understanding of both cosmic censorship conjecture ' and hoop conjecture '2. In-
fact, collapse of cylindrical system led to the formulation of the hoop conjecture 2.
The plane symmetric models has also received significant attention owing to its close
resemblance with spherically symmetric one. Exterior solutions to plane symmetric
Einstien’s field equations were obtained by Taub '3, while plane symmetric version
of Vaidya solution were given by Dutta '4, and Carlson and Safko '°.

In ref. ® the junction conditions for the spherically symmetric collapse of isotropic
fluid undergoing radial heat flow with outgoing unpolarized radiation has been
studied. The main objective of this paper is to extend is this work of Santos® to
plane symmetric solutions. The interior space-time V; is modeled by shearing fluid
undergoing radial heat flow with outgoing radiation in a plane symmetric space-
time. The exterior space-time Vg is described by the plane symmetric version of
Vaidya space-time 4:1?
is done in section 3. In this section we also derive the formula for the total luminosity

, which represent a radial flow of unpolarized radiation. This

perceived at infinity and for the surface red-shift, which are of particular interest
since they are observable quantities. In section 2 we give the field equations which
govern the plane symmetric collapse of a radiating star with outgoing radiation.
Exact gravitational collapse solutions with shear and radial heat flow are obtained
in Section 4. In section 5 we find exact solutions for the shear-free case. Finally,
concluding remarks and a summary of the main result obtained in this work are
presented in section 6.

We have used the units which fix the speed of light and gravitational constant
via 817G = c¢= 1.

2. Field Equations in Plane Symmetric Space-time

Let us consider a plane symmetric distribution of fluid undergoing dissipation in the
form of heat flow. While the dissipative fluid collapses, it produces the unpolarized
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radiation.

We consider a plane surface with its motion described by a time-like 3-surface
Y., which divides space-times into interior and exterior manifolds V; and Vg. The
interior space-time V; is described by most general plane symmetric metric, which
in comoving coordinates reads:

ds* = —A(r,t)%dt* + B(r,t)%dr® + C(r,t)*(d2® + dy?). (1)

The exterior space-time is described by plane symmetric Vaidya metric 141, which
represents an outgoing unpolarized radiation,

2 _ 2m(v)

ds dv? — 2dvdr + v?(dz? + dy?). (2)

r
The arbitrary function m(v), represents the mass at retarded time v inside the
boundary surface ¥. We assume that the source of Einstein field equations in the
interior space-time is given by

G(:b = K:Tab = F':[(C +p)uaub +pgab + qaUp + qbua]7 (3)

where ( is the energy density of fluid, p denotes the isotropic pressure, u, is 4-
velocity, and g, is radial heat flux satisfying g,u® = 0. Since we utilize comoving
coordinates, we shall have

1
A

The line element (1), in our plane symmetric case, yields the following Einstein’s
field equations

u® = =464, ¢* =qdy. (4)
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plus an equation due to the isotropy of pressure

103(0) AB BC AC

A |c B'\C AB BC AC
1 A ok ol 2 A'B' B'C’ AC!
i Il T i R _ _ — 1
tEla e (c) A3~ BC  ac | =% (10)

where the dot and the prime stand respectively for differentiation with respect to t
and r.

3. Junction Conditions

To study the junction conditions, we follow the approach of Santos 6. Hence we
have to demand, when approaching 3 in V; and Vg, that the metrics be

(dSQ_)g = (dsa_)g = (d82)g, (11)

where the subscript ¥ means that the quantities are to be evaluated on ¥ and let
Klf is extrinsic curvature to X, defined by

32X“ axﬁ X1
+ + + +a + +
K7 =—ng cioci ne 'z, e DEi (12)

and where I'g are Christoffel symbols, nE the unit normal vectors to X, y* are the
coordinates of the interior and exterior space-time and &' are the coordinates that
defines X.. The intrinsic metric on the hypersurface r = ry is given by

ds? = —dr? + R2(1)(dz? + dy?), (13)

with coordinates £* = (7, z, y).

We use comoving coordinates and consider that the interior of the space-time
Vr is described by line element (1). In this coordinate the surface X, being the
boundary of the matter distribution, will have the equation

f(rt)y=r—rg=0, (14)

where 7y is a constant. The vector with component df/dx® is orthogonal to X.
Consequently the unit normal vector takes the form

n, = B(rs,t)s}. (15)
From the junction condition (11) we obtain

dt 1
dr — A(rs,t)’ (16)

Clrs,t) = R(7). (17)
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The non-vanishing components of extrinsic curvature K;; of X can be calculated as
in the spherical case (for details see Santos®) and the result is

A/
K- =|- 18
~= |38, (18)
c'c
K- = 19
== 5. (19)
K/, =K, (20)
The equation for the surface ¥ in Vg is
flr,v)=r—ry =0, (21)
therefore
8f dI‘g
=(-—,1,0,...,0 22
o= (-G, (22)
and unit normal to X is
2m(v) ]V dr
r= |- +2— -—,1,0,...,0) . 23
Ng |: r + d’U:| d’U’ ) ) ( )
The first junction condition (11) for the line element (2) and (13) yields the following
relations
ry = R(7), (24)
dv\~* 2 d
(v> - {— m©) | 2r] . (25)
dr ) r dv |+,

With the help of (25) we can rewrite the normal vector as
nf = (-1,9,0,...,0). (26)

The non-vanishing components of extrinsic curvature K Z‘; of ¥ are given by

Kt = l;’iﬁ (flj>_l - (3:) ””;(f)L, (27)
K+ — H: p— (j:)]z (28)
Kf, =K, (29)

From Egs. (19) and (28) we have
2m(v) dr cc’
IO Ll [ .
[ r i d“]z [ B }2 (30)

With the help of Egs. (16), (17) and (25), we can write Eq. (30) as

02 012

A2 B2

m(v) ; (31)

_I‘
)
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which can be interpreted as the total energy entrapped within the surface 3. This
expression (31) is analogous to well known mass function, in spherically symmetry
case, introduced by Cahill and McVittie 6. From Eqgs. (27) and (18), using (16),

we have
2 -1 /
@) @] ), @

Substituting Egs. (16), (17) and (31) into (30), results in

(@)=

Differentiating (33) with respect to 7 and using Eqgs. (31), we can cast Eq. (32) as
. N\ 2 .
1 20 N C 2AC 2
A2 |7 C C AC| AB

Comparing (34) with (6) and (9), we can finally write
(p)s = (¢B)s, (35)

which is equivalent to result obtained by Santos ¢ for the spherically symmetry case.
Equation (35) shows that for a plane symmetric shearing distribution of a collapsing
fluid, undergoing dissipation in the form of heat flow, the isotropic pressure on the
surface of discontinuity 3 can not be zero. Clearly, if the fluid stops dissipation, i.e.,

gz = 0, the pressure will vanish at the boundary which implies the radiation can

not exist and exterior space-time Vg is a Taub space-time 3.

Differentiating partially (31) with respect to ¢ and utilizing (6) and (9), leads to
am dmdv (dt\ " r? .
ALC I e el =—|— C AC’ . 36
<8t)2 [dvd7(d7’> ]2 [2(&” T ﬂz (36)
On using (16), (17), (33) and (35), we obtain
2 dm [dv\®
l_erU (m)] ~ e o
b
Therefore, the total luminosity for an observer at rest at infinity is

. 2
~gim f2e— _(dmY _ L . (€ C
Loo = lim gr7e = (dv)z_ zﬁrp<A*'B ’ (38)
>

where dm/dv < 0 since Lo, > 0. Let the observer with 4-velocity is considered to
be on ¥, the radiation energy density that this observer measures on ¥ is

2 1 (dv\? dm
Gz—nl‘rz (m) de- (39)

o C|

5t (33)

P

' BC'  AC

C BC AC

0/2 A'C!
(el

1
B2

(34)



July 30, 2006 21:51 WSPC/INSTRUCTION FILE ensrc

Non-spherical collapse of a radiating star 7

Inspection of Egs. (37) and (39), reveals that

€y = Px. (40)

This result is also valid in the analogous study in spherical symmetric system.'”

Equation (37) expresses the local conservation of momentum if we consider the
momentum of radiation flowing in Vg and the energy density as given by (39).
Defining luminosity observed on ¥ as

Ly, = =~ r?ey. (41)

N x

The boundary red-shift can be used to determine the time of formation of the
horizon. The boundary red-shift zs, of the radiation emitted by a star is given by

d
14 25 = (;) 7 (42)
>

and thus the total luminosity Ly, perceived by an observer on X is related with L,
by the formula

(14 25)° = —. (43)
The results are analogous to one obtained previously in spherical case %678
4. Exact solutions with shear

To find solutions of field equations, we introduce the following new variables

a= AC, 8= g (44)

The rate of shear scalar can be expressed in new variable as

_ 1 (B_cy_1cC(p_
m(E-HG)

and the pressure isotropy equation Eq. (10) becomes

agiga |88 BC Bl o _o'F a0 ) (O
a “p*C o 450 3 +a op 4ac+2 c =0. (46)
Solution A. We choose a and f of the form
a=[fpCt,  f=f) (47)

and the Eq. (46), with the help of this, yields the ordinary differential equation
F" + C1F' + CF =0, (48)
where

C = F?, (49)
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s

01—7 5 (50)
A A OV A U i
02_f f<25' 5>+B 55 (51)

Hence properly choosing the functions f(r) and §(r,t) and, integrating Eq. (48) ,
one can generate collapse solutions with shear and heat flow.

i)If we choose f = fy = const. and 8 = /87(t), where 7(t) arbitrary, then we find
that F” = 0, which leads to

F =rg(t) + h(t), (52)

where g(t) and h(t) are arbitrary integration functions. It may be noted that, in the
analogous spherically symmetric case, one gets solutions in terms of trigonometric
function ?

ii) Next we choose f = fo = const. and 8 = Ky/(t + r), Ko is constant, then we
find that

F = p(t) 20t +1)2) TV Ly [ag 2 TVVOVD (53
where pu(t) and v(t) are arbitrary integration functions.
iii) If the functions are chosen such that f = foe=2/m0 | fy and rq const.,
B = (2/rg) cosT, T(t) arbitrary. In this case we obtain
F= Q/J(t)e(Q—\/i)T/(QTo) + w(t)e(2+\/§)7’/(27’0)’ (54)
where 9(t) and w(t) are arbitrary integration functions.
Solution B. If we choose the functions « and (3 such that
- b
a=ayCC, (= Cfoz’ (55)

where ag and [y are two arbitrary constants, then we find that the pressure isotropy
equation is an exact 9/9t of CC" = j(r), which, for j(r) = 0, integrates to

C = hi(t)r + ha(t), (56)

where hq(t) and ho(t) are arbitrary function of integration.

5. Shear-free Solutions

Let us now consider solutions of the Einsteins equations for the interior metric of
the form 19

A= Ap(r), (57)
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B = By(r) f(t), (58)

C =rBy(r)f(t), (59)

wheref(t) is positive.Then it follows that Ay , By are solutions of the pressure
isotropy equation

A, B, (A, B)\* 1[4, B AN 1
L) (22 = (242 )+2(52) =5, (60)
AO BO AO BO T AQ BQ AO T

describing a static perfect fluid whose energy density (5 and pressure py are given

by
1 | B! [B)\®> 4B, 1
—— 2= — (= 04+ = 61
=B |*B (B(J) *rB()*r?]’ (61
1 |/B)\> _A\B, 2(A, B, 1
= |[=0 2 =4+ = — 62
fipo BS (Bo> + AQBO + T AO + B() + r2 ’ ( )

This static perfect fluid solution matches with the exterior Taub space-time and in
this case its pressure pg vanishes for some value of r. We suppose that this happens

for r = rx
(po)s = 0. (63)
With the help of above Egs. (57) - (62), the Egs. (5), (6) and (9) can be rewritten
as
1 3f2
I{C = F (HCO + 14(2)> 5 (64)
= | = e 2rF 4 £ (65)
Kp = — |kpy — —= )
p 72 Po A02
240’ f
_ 2 66
M Ao®By? f3 (%)
as (p)s = (¢B)s and (po)s = 0 we find
2ff + f* —2af =0, (67)
where the constant
A0’>
o= (20 68
(%), (68)

is positive because the static solution (Ag, Bg) matches with the Taub exterior
metric. The first integral of equation (67) is

f=—-2a (\;} - 1> : (69)
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By remembering that (p)s is non-negative and by using (63), (65) and (67) we
arrive at the important conclusion that the only possible motion of the system is

contraction f(t) < 0. Furthermore, from equation (69) and because f(t) is positive
we have 0 < f(t) < b%. Now,the integration of equation (69) yields

P 1f+b\/f+b21n<1—\/?>], (70)
a |2 b

where the constant of integration which should enter in equation(70) has been elim-
inated by means of the transformation ¢ — ¢ + const. The solution (57), (58) and
(70) represents a static perfect fluid at t = —oo where f(¢) = 1 and then the fluid
gradually starts evolving into a non-adiabatic radiating collapse. The total energy
entrapped inside the surface ¥ is given by(31), which becomes by utilizing the so-
lution (57), (58) and (69),

L=V +mof| | (71)

2
AO P

with Egs. (57), (58) and (69) Lo given by(43) becomes

— 942 By*r? (1-V/f) 1
Lo =2 ( Ap? )E Vi Q4 2)? 2

with zy given by

-1

+ 1] - 1. (73)

- BO/ QG,B()T (1—\/f)
== |m

Eq. (72) shows that Lo, — 0 for f — 1. We observe that the function f(¢) decreases
monotonically from the value b? at t = —o0o to zero at t = 0 where a physical
singularity is reached. It follows that the collapse begins at t = —oo from a static
geometry, described by the interior solution (Ag,b%By), whose energy density and
pressure are given by Egs. (61) and (62) provided that the right hand members
of these equations are multiplied by a factor b~2. From now on, for convenience
we absorb the factor b? into By(r) by setting b = 1. In this way the initial energy
density and pressure of the geometry are given by Eqgs. (61) and (62), its initial

mass by
3 2
T BO 2 ’ TBO
=—| —— B — , 74
mo (QBO'H“O-FQZ (74)
representing the energy inside ¥ at ¢t = —oo and its initial radius by

g = (T‘BQ)Z. (75)
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For t = —oo the exterior space-time becomes the Taub space-time and by consider-
ing the junction conditions we have

5 .
ds? = 002 T gp? 4 52(da? + dy?), (76)
7 2mg
1 /2mg
Ay = ——] =2 77
0 27 7 ) ( )

,,’I
By=4/——
0 2m0 ) (78)

which allows us to express Eq. (68) in terms of the initial quantities mg and rqg by
using Eq. (75),

a=—mg/?, (79)
where
P =ro. (80)

To obtain explicit dependence between the retarded time v and the time t we must
integrate Eq. (33). For this we write it in the form

o (A7) 1
7~ (5 )77 =y
where
_ Ao ’
h = |:'rBO2 (TB()) :|2 . (82)

This constant with the help of Egs. (62), (63), (68), (75) and (79) can also be written
in the form

(83)

which shows that h is positive, otherwise the radius of the static plane would be
less than the Taub radius. The luminosity L can be calculated from Egs. (38), (65),
(67), (75), (79) and (81)

L=mof(h"f+1)%, (84)
and the mass m from Egs. (31), (69), (74), (79) and (82)
m = mo[(1 = /f)* + f]. (85)
The differentiation of the luminosity L given by the Eq. (84) with respect to f
becomes
ar s iy
o7 = ol f+n[% f+q. (86)

Hence from Egs. (84) and (86) we can conclude that the luminosity starts increasing
from Ly = 0 at the initial time f = 0 and attains its maximum at
. 2 mo
j=-
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8 m2
Lmax = _ﬁ ,'220 . (88)

After its maximum, the luminosity decreases to Ly = 0 at

Qmo

f2

f=-

The energy density ¢ and the isotropic pressure p have to increases towards the

(89)

center of the fluid distribution in order to be physically reasonable. Differentiating
Egs. (64) and (65) with respect to r and utilizing (67), (69) and (b = 1), we obtain

k¢ = Iifcé - 24(1212/%(1 _f;/f)2, (90)
/ Al 1 _
kp' = n% — 8a2A§( fs/\gf)’ (91)

_ dady (1- V)
T s T

(92)

and since we need ¢ > 0 then we must haveAj > 0. Hence from Eqs.(90) and (91)
if {{ < 0 and p} < 0 are satisfied for the static distribution, then the fluid evolves
satisfying the physical conditions ¢’ < 0 and p’ < 0. It has been proved '® that the
energy conditions are fulfilled if the conditions ¢ — 3p > 0 together with ¢’ < 0 and
p’ < 0 are satisfied. From Eqs. (64), (65), (67), (69) and (b = 1) we can write

1 12a
k¢ — 3kp = 7 <n§0 — 3kpo + A(Q)F) , (93)
where
1 -V -2V¥)
f
The function F(f) starts at F = 0 when /f = 1 and decreases to a minimum
F = —1/4 at v/f = 2/3. The metric Ay decreases to the origin of the distribution,

A} > 0. Hence we can be assured that ¢ —3p > 0 is satisfied by the fluid throughout
collapse if the initial static configuration satisfies

P(f) = (94)

Co— Brpy > — 0 (95)
Ko — 3K _—.
TS A =0)
More Solutions: To simplify the pressure isotropy Eq. (10) let us define
1
r =72 B:F’ C=rB (96)
and then we have 20
F, A F,.
Ape +2—A, — — — A=0. (97)

F 4x2 F
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i) Bergmann solution 2°
Let us adopt simplifying assumption that the fluid trajectories are geodesics.
This is equivalent to considering A = A(t) which permits us to set interior coor-
dinate system so that A = 1. Now the above pressure isotropy equation can be

written as F,, + F/(42?) = 0 which gives general solution
1
B = . 98
1o + B0 Tog ] .

ii) Modak 2! solution
The choice F,, = 0 leads to the solution

A= 7(1?)7“_1""/5 + 5(t)r_1_‘/§, B= ﬂ (99)

iii) The solution
1
A=((t)r*, B= , 100
() n(t)r3_2\/§ + T(t)?‘3+2\/§ ( )

is obtained under the assumption A,, = 0.

iv) If
A(r,t) =1+&)r?,  B(r,t) = R(t), (101)

this solution can be specialized by assuming £(t) = £ = constant. The matching
condition at the boundary surface yields a differential equation

2RR+ R*—mR =n, (102)
where

m=dgoro,  m= (16 + )1+ 6ord), (108)
0

a simple solution for R(¢) = Ct, C being an arbitrary constant.where

m =+ vm?2 +4n
5 .
By suitable choices of constant parameters the density and the pressure are found to

C= (104)

be positive, which are infinitely large as t — 0 and decreases indefinitely as ¢t — oo

22

v) With
R(t)

A(r,t) =14 &2,  B(rt) = ———2——. 105

( ) 50 ( ) (1 + 507'2)3 ( )

The differential equation and, the behavior of density and pressure remains same

with
1 2\6
m = 4&or(l + &r?)®,  n= (L +&r")” (1 —6&r* + 5&°r?) . (106)

r2



July 30, 2006 21:51 WSPC/INSTRUCTION FILE ensrc

14 S. G. Ghosh and D. W. Deshkar

6. Concluding Remarks

To sum up, this extends the previous studies of junctions conditions for a collaps-
ing radiating star with outgoing radiation in the spherically symmetry to a non-
spherical case. Exact collapse solutions, for both shear and shear free case, have
been generated. The physical properties of the solutions generated will be discussed
elsewhere. The results obtained here may be a necessary ingredient for a study in
planer collapse of a radiating star in plane symmetric space-time.
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Appendix A. Physical quantities

1. Here we give the physical quantities associated with the metric (1). The compo-

_2(B_¢C
"=34\BC

nents of shear scalar are

S

1 (B C
x__ - | = > — 4Y
0x = ~34 (B C’) oy (A1)
and shear scalar
V6 (B C
°=3i\B C (A.2)
2. Expansion
1 (B _C

3. The components of Electric and Magnetic components of Weyl tensor are

14" ¢, C (A B
ei-r-5(5-5)

3LA C C\A B
Law (B0 O (4 B) b))
AB A2\ B C C\A B AB
1C?
Eiw = _iﬁ[ETT] = EW/

H,, = All components are zero. (A.4)
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4. The Raychaudhary equation reads

(L (BLAB_ i 0N g ap e
A2\ B AB AC C B2

A~ AB T ac

S (A D S LI el
2 \B a8 “act c 32t 3BO Ta3m

(A A A ]
B*\'A AB T AC

1<B AB _AC _C 8C? 8BC 232>

(A.5)

5. The Kretschmann scalar is

laslTez\ A2 B2 2 C* B2  A2B? A\ B2

)

1 0/2 A/2 B/2 C/Q 0/4 A//2 A/QBIQ 0/12 B/ A'A lodeok
e\ Et et e) et T e e Y <A2 2 )]
1, BrdA”  CcAC’  BC? AA'B  CB'C'  C'C CC”
+m |25 | S — 4 A +2 A -2
A2B2 1 Bl A2 AC? B(C? A2B C?B C? C?
A (_Acc crA BB _Cct o CO'C A'B" ¢ _CPe”
2= (2 = TR A —2 —ay 2=
A AC? C2A B2 C? C? AB C? C*
(A.6)
6. The Ricci scalar is
2 (B¢ AB i¢ _BC ¢
R=—|=4+2-——"—5—-2—+2—+ —
Az <B+ C AB ‘ac BC+CQ>
9 A o A'B’ A'C! B'C’ C/Q
—— | — — — 2 -2 — AT
B2<A+C AB T YAC BC+C2> (A1)
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