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Second order Partial Differential Equations

Very commonly encountered in Physics

Some examples

Laplace Equation:  VZ9 = 0

Poisson Equation: ~ V?%) = 4mp

Wave Equation: V2 + k% =0

10
Diffusion Equation: ~ V*1) = 4
a? Ot
h? 5,
Schrodinger Equation: —— V729 + V) = ih— 4
2m Ot
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Consider a second order PDE 1n two variables described by an operator of
the form

0? 0? 0? 0 0
_aax2l2baxaylc |d r € |f

L

Based on the 2nd order terms, the equation Ly = 0O is called
Elliptic if ac — b* > 0
Parabolic if ac — b* = 0

Hyperbolic if ac — b* < 0
1 02

Elliptic operators may be cast in the form 7 573 - V2 orjust V2
C
Parabolic in the form ¢ ) V? and Hyperbolic as 1 &° \V&
ot c? Ot?

Methods of Mathematical Physics-I IUCAA-NCRA Graduate School 2021 Dipankar Bhattacharya



0? 0? 0?
- 20 - c may be factorised as

L=ags 2088, Tap

[:: b—l—\/bQ—CLCa icl/QQ b—\/bZ—aCa 161/22
cl/2 Ox Oy cl/2 Ox Oy

This 1s a product of two first order partial differential operators, each would
have their own characteristics.

So L would possess two sets of characteristics with slope
dy c
dx b + \/ b2 — ac

For a Parabolic operator, the two sets merge into one

A Hyperbolic operator has real characteristics

Characteristics of an Elliptic operator are imaginary and thus not useful for
propagating boundary conditions in real space
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Separation of variables

This 1s one of many ways of converting a PDE into a set of ODEs

Example: Helmholtz equation in Cartesian coordinates:

o Py 0%
ox2 = Oy? = 022

Assume that ¥ (x,y,2) = X ()Y (y)Z(2)

- k%) =0

02X O0%Y 027
Then Y Z - 7 X - XY L kXY Z =0
- Ox? 0y? 022

o 1 0°X 10%°Y 106%7 12 _ g
Fhee X 0z Y 0y? 7 022 -

1 0°X 1 0%Y 10%*Z

S0 = k? = const = —[?
X 0x? Y 0y? 7 0727
Constant of
Function Function of separation
of x alone y,Z alone
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1 0%Y 1 0%Z
Similarly 5 = 795 2+ 12 = —m?

1 0°Z

and 2822212+m2—k2:—n2, ie. k2 =1[01°4+m?+n?
Thus we have three ODESs of the form

1 d?°X A2 X

X dx? 16 dr?

We can consider this to be a Sturm-Liouville form (pX')" + ¢X = AX
with p =1, ¢ = 0 and eigenvalue \ = —I[*, weight w(z) = 1

Periodic boundary conditions X (0) = X (27), X'(0) = X'(27)
would then render the operator Hermitian, with orthogonal set of eigenfunctions
X; =eT o X; = cos(lx), sin(lz)

and the eigenvalue / taking integer values in the range |0, oo
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27

Clearly X Xi,dv =0 for [y # 15
0

27

and X, X;dx = 21 (exponential form) or 7 (sine/cosine form)
0

The orthonormal eigenfunctions are
eilaz

V2T

o cos(lx) sin(lx) (1=0.1,2 )

VT T

¢1(z) = (l=..-2,-1,0,1,2,..)

2T
such that / P P dr = by
0
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