
Methods of 
Mathematical Physics-I

Dipankar Bhattacharya


IUCAA-NCRA Graduate School 2021



Methods of Mathematical Physics-I IUCAA-NCRA Graduate School 2021 Dipankar Bhattacharya

Linear function spaces (Vector spaces)

Let
<latexit sha1_base64="KwNbv3+jMZyqxGS7LPwTIEdVAgA="></latexit>

�1(s),�2(s),�3(s), ....,�n(s) be a set of linearly independent functions

These can be used as basis functions to construct a linear function space 
of which each linear combination of these basis functions 

<latexit sha1_base64="1aNJOq1x19fczshAY1Od/IkAJho="></latexit>

f(s) =
nX

i=1

ai�i(s) is a member.
<latexit sha1_base64="TJwlTbdk9ky02hwgbQDpSV7nDKo="></latexit>ai are coefficients independent of s
They may be real or complex
Equivalent to coordinates in function space 

If

<latexit sha1_base64="oaQlR51dVB/EQt0Zv83yuwOqXw4="></latexit>

g(s) =
nX

i=1

bi�i(s) is another member of the function space, then

is also a member
[closed under addition]

<latexit sha1_base64="aawSj+ptDa/hw9Ak7Y2SXzkW8S4="></latexit>

h(s) = f(s) + g(s) =
nX

i=1

(ai + bi)�i(s)

<latexit sha1_base64="vYZNk3bBGlFbDSfDsnLC0V9fQgA="></latexit>

u(s) = kf(s) =
nX

i=1

kai�i(s) is also a member(k a scalar)
[closed under multiplication]
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Linear function spaces (Vector spaces)

Scalar Product

<latexit sha1_base64="JsKVGgL6WdB0aZvlJFad127/22I="></latexit>

hf |gi =
Z b

a
f⇤(s)g(s)w(s)ds

with a, b, w(s) being chosen as a part of the definition of the scalar product. 
w(s) must be positive definite in the interval [a,b].

If a function space is closed under addition and multiplication by a scalar 
and if a scalar product exists for all pairs of its members then such a 
function space is called a Hilbert Space.

If the basis functions are such that 
<latexit sha1_base64="NqxGBuLtO2s1x2HRhpmpujjgwUY="></latexit>

h�i|�ji = 0 for
<latexit sha1_base64="/rwaECWkQk+4d+UkQendvSy3z1Y="></latexit>

i 6= j then they are 
called orthogonal.  In addition if 

<latexit sha1_base64="7ePjvaR7Mf9SVH1BTyNBr1fLB+I="></latexit>

h�i|�ii = 1 for all i then the basis 
functions are called orthonormal. 

In Hilbert space the following inequalities hold:

Schwartz Inequality: 
<latexit sha1_base64="JTqQww6reXl7KI10JADMkI2Gb04="></latexit>

|hf |gi|2  hf |fihg|gi

Bessel’s Inequality: if bases are orthonormal

<latexit sha1_base64="KNavjwIOyKqzOWBDrbOpkd9ak+4="></latexit>

hf |fi �
nX

i=1

|ai|2
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Linear operators in Hilbert Space:
<latexit sha1_base64="W3tp/A7UQXEu3ESvu7Ry2yWUD4o="></latexit>

Af = f̄ (another function in the same space)
<latexit sha1_base64="lBRdHuG1b7GVEFVpBhDis/uWOW0="></latexit>

A(f + g) = Af +Ag; (A+ B)f = Af + Bf ; Ak = kA
<latexit sha1_base64="UZvyKR+CiJPTuqGpGzBBiJYLLQA="></latexit>

A�1A = 1 = AA�1If inverse exists then

Adjoint       :
<latexit sha1_base64="pAOcma17m4p4Qi4E06HpCp1U+jU="></latexit>

hf |Agi = hA†f |gi
<latexit sha1_base64="KVXDVd43fKWmRixZwxw3sZG7V0U="></latexit>

A†

If
<latexit sha1_base64="WvQJP1/NE3x+My4Y4FwhCLaa9Zg="></latexit>

A = A† then the operator is Self-adjoint, also called Hermitian.

Hermitian operators are important in physics because they have real 
eigenvalues, representing measurable physical quantities.

If
<latexit sha1_base64="HBGzIMCfq7A1QMoIhhf3eYKS3ug="></latexit>

A† = A�1 then the operator is called Unitary.

An operator that is Real and Unitary is called Orthogonal.
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Eigenvalues and Eigenfunctions

Example: Schrödinger’s Equation
<latexit sha1_base64="hdwNnsVE7U3l/3ACjgDVByiGBmI="></latexit>

H = E 
<latexit sha1_base64="G26iphvgzsGf94GhlNte+Crtzmc="></latexit>

H
<latexit sha1_base64="mSxcZjEdHzrxtuOBwvvhhwCASQk="></latexit>

Eis a differential operator, is a scalar
<latexit sha1_base64="mSxcZjEdHzrxtuOBwvvhhwCASQk="></latexit>

E is a fixed number for which a solution is sought.
Solution may not exist for all values of 

<latexit sha1_base64="mSxcZjEdHzrxtuOBwvvhhwCASQk="></latexit>

E

Values of      that admit solutions are called Eigenvalues.
The corresponding solutions       are called Eigenfunctions.

<latexit sha1_base64="mSxcZjEdHzrxtuOBwvvhhwCASQk="></latexit>

E
<latexit sha1_base64="yDqm6Jet9mR+1YRn02M5WN3TE+s="></latexit>

 

In general
<latexit sha1_base64="Q6Ec+DJwVfAOACYlZh0iw6YZd7o="></latexit>

Lu(x) + �w(x)u(x) = 0

where    is the eigenvalue and           
              is a weight function that appears in the definition of scalar product

<latexit sha1_base64="h6Oa8kXGssBQ0gztQkBBckaWyoE="></latexit>

�
<latexit sha1_base64="cT1g2faqamKTpqLOPALCdBNojws="></latexit>

w(x)

For a given    , the function            that satisfies the equation along with the given 
boundary conditions is the corresponding eigenfunction

<latexit sha1_base64="h6Oa8kXGssBQ0gztQkBBckaWyoE="></latexit>

�
<latexit sha1_base64="srrTYbLSqwQ/KkzWyXFRx4aTOmM="></latexit>

u�(x)

Existence of eigenfunction is not guaranteed for an arbitrary    .
<latexit sha1_base64="h6Oa8kXGssBQ0gztQkBBckaWyoE="></latexit>

�

Often the eigenvalues are discrete, dictated by the boundary conditions.
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Sturm-Liouville Theory

Consider a second order linear differential operator
<latexit sha1_base64="fdjgAasEsFc8TqxEPIk5K/yoHHg="></latexit>

L = p0(x)
d2

dx2
+ p1(x)

d

dx
+ p2(x)

<latexit sha1_base64="gf4lD8Nz4IRU1IqKlHjvdrrfFxM="></latexit>

Lu =
d

dx


p0(x)

du

dx

�
+ p2(x)u(x)

If this can be cast in the form

Then 
<latexit sha1_base64="w15UZ+ICMlGPXPXHrnggKSUQ8ks="></latexit>

L is called a self-adjoint or Sturm-Liouville operator

This requires 
<latexit sha1_base64="4IOzBYGNYBNA1G6SDyzj0XOjr54="></latexit>

p00(x) = p1(x)

If the original operator is not self-adjoint then it can be rendered so by 
multiplying a weight function

<latexit sha1_base64="6eSuibeltNR+N2kQ5aDTrNejs7g="></latexit>

w(x) =
1

p0(x)
exp

Z
p1(x)

p0(x)
dx

�

This is possible if the zeros of p0(x) do not lie within the domain of interest
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Rewrite the self-adjoint operator as
<latexit sha1_base64="bsVTYO+kYGRusu62ueeLklPuaBY="></latexit>

Lu =
d

dx


p(x)

du

dx

�
+ q(x)u(x) = [pu0]0 + qu

would admit two linearly independent solutions.  Let’s call them
and

<latexit sha1_base64="wct7U53ie4W2NmOaDQEh5HTXbeg="></latexit>

u(x)
<latexit sha1_base64="t/h3znMTeGuqgVDrw4CVtLAh+dk="></latexit>

v(x).   The boundary conditions will decide the linear combination
that will be the desired solution.

If 
<latexit sha1_base64="sFpJ6/C0/lH1N21dx7MIj0k6g/k="></latexit>

x = [a, b] define the boundary, then the boundary conditions could be
‣Dirichlet: 

‣Neumann: on

on
<latexit sha1_base64="QDWgxC1OV4UaxnTcX94KFE0oLBM="></latexit>

u(a), v(a); u(b), v(b)
<latexit sha1_base64="lrd+WsMl9MQcWb6VYnt/ehRc4G0="></latexit>

u0(a), v0(a); u0(b), v0(b)

The scalar product  

<latexit sha1_base64="t9/NSTuELr7e+6tlIrEcOezt21M="></latexit>

hv|Lui =
Z b

a
v⇤Lu dx =

Z b

a
v⇤(pu0)0 dx+

Z b

a
v⇤qu dx

The 1st term: 

<latexit sha1_base64="eedN2IteDKOadaI/TxHKMF6oO1E="></latexit>

v⇤pu0|ba �
Z b

a
v⇤0pu0 dx = v⇤pu0|ba � v⇤0pu|ba +

Z b

a
u(pv⇤0)0 dx

So

<latexit sha1_base64="ROOPCpx82yKeHuyD2J4/fbHGrFc="></latexit>

hv|Lui = [v⇤pu0 � v⇤0pu]ba +

Z b

a
[(pv⇤0)0 + qv⇤]u dx

<latexit sha1_base64="o+qy2qvqGR3y2RoBzseY9gfEuHs="></latexit>

Lu = f(x)
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If such boundary conditions are specified that
<latexit sha1_base64="R5igovmMbDbVq+oP24MeDEaVZHg="></latexit>

[v⇤pu0 � v⇤0pu]ba = 0

then

<latexit sha1_base64="KcIo0iQYkn5vmlH2up84VAAISyg="></latexit>

hv|Lui =
Z b

a
v⇤Lu dx =

Z b

a
(Lv)⇤u dx = hLv|ui

Thus is self-adjoint.
<latexit sha1_base64="Go6eK+5/JkBdtQbHLCoXBMgZJSY="></latexit>

L

Boundary conditions of the type
<latexit sha1_base64="/wRQOlZ8NK4XADZOzMhyqbwUVwM="></latexit>

u, v = 0
<latexit sha1_base64="nlvxueT+7/913W+CcNmhVVXzch0="></latexit>

u0, v0 = 0

at the boundaries  (Dirichlet)
at the boundaries  (Neumann)

<latexit sha1_base64="2kUR+uQQwOlRLqBycs5ELEfTGss="></latexit>

v⇤pu0|a = v⇤pu0|b for all          (Periodic)<latexit sha1_base64="6c2F563PtnFVamZ4iPkeXbCtdhw="></latexit>u, v

Will all satisfy the requirement of boundary conditions for self-adjoincy

Note that any linear combination of functions satisfying the above boundary 
conditions will also satisfy the same.


