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Form of Green’s Function G(x,?):

| . . Homogeneous Boundary conditions
a b atx = a, b: satisfied by G(x, f)

Let y1(x) be a solution of Ly = 0 that satisfies the B.C. at x=a
and y2(x) be a solution of Ly = 0 that satisfies the B.C. atx=b, a <b

Then G(z,t) = y1(x)hi(t), a <z <t h1, ho to be determined
= ya(x)ha(t), t <z <b

We note that G(x, ) 1s continuous at x = £,  s0 — —C
and G(x, t) = G7(¢, x), gIving
y1(x)hi(t) = y2 (D)hy(z), = <t
y2(x)ha(t) = yy ()i (z), = >1
Assuming that y; and y> may be chosen to be real,
ha(x) = Cyr(x), hi(z) = Cya(x)
and thus ho(x) = Ay1(x), hi(x) = Ay (x) (A=CY)
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Using this, G(x,t) = Ay (x)y2(t), x= <t
= Aya(z)y1(t), x>t

dGG dGG
— — Ayl (t t — — !
Thus Ir . y2( )yl() and . - Ay1(t)y2(t)
1

So  Alys(t)y1(t) — y1()y2(t)] = p(t)

ie. A=[p){ys®)y(t) —yi @)y} = [pOW (y1,92)] "

Now we note
L is self-adjoint, Ly = (py') + qy and Ly = \y

Y1, Y2 are two solutions for the same A\
So (Ly1)y2 — y1(Ly2) = (py1)'y2 + ay1y2 — y1(pys)' — quiye

= (py1)'y2 — (pys)' 11
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Or (Ay1)y2 —y1(Ay2) = (py1)'ve + pyiys — pysy1 — (ys)' 1

d d
= —lpy1)y2] = —[(py2) 1]
d / /
= —(ry1)y2 — (Py2)u1]
d , d
= —lplviy: — o] = ——[pW(y1, 92)
Since the LHS = Ay 192 — y1 Ay = 0,
d .
We have @[pW(yl, y2)] =0, ie. pW(y1,ys)= const.

Hence A4 1s independent of .
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The results so far are derived for homogeneous Boundary Conditions.

In other cases, 1t may be possible to render the boundary conditions
homogeneous by a change of the dependent variable.

For example, 1f the specified B.C. are

y=Cratr=aandy=Coratx =10

then a change of the dependent variable to

. Ci(b—z)+ Cy(x — a)
- (b~ a)

will make the B.C. homogenecous: uw=0atz =a,b
The ODE can then be re-cast in terms of

The symmetry of G(x,?) discussed so far w.r.t. the two end points arises
from the B.C. being specified at the two ends. For other types of B.C. this
symmetry will not be present.
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Example: an Initial Value Problem
d?y
dz?

with B.C.

Consider Ly = y=vy =0atz =0

| y:f(x)a ZCE[0,00]

Ly = 0 has two solutions: sin(x) and cos(x)

The only combination of these that satisfies the B.C.at z =0 1s y =0
Soforx<t, G(x,1)=0
Atx>1t,No B.C. are available. So we may write
G(x,t) = c1(t)y1(x) + co(t)ya () = c1(t) sin(x) + co(t) cos(x)
Continuity of G at x =t demands 0 = ¢1 () sin(t) + c2(t) cos(t)
dG dG

1
And the derivative condition = —— =1
dr|,, dz|,_ p(t)

implies that ¢1(t) cos(t) — co(t)sin(t) — 0 =1

Hence c¢q(t) = cos(t), co(t) = —sin(t)
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So G(x,t) = cos(t) sin(x) — sin(t) cos(x) = sin(xz —t), x >t

=0, <t
Thus y(x) = /G(:Ij‘,t)f(t) dt
_ / sin(z — 1) f() dt

y(x) depends only on the past history of the function f ()

Methods of Mathematical Physics-I IUCAA-NCRA Graduate School 2021 Dipankar Bhattacharya



Boundary conditions at infinity

Example: Consider Helmholtz’s equation

Lo(e) = (0 + 1) (o) = g(a)

L1)(z) = 0 has solutions of the form e=**

Impose Outgoing Wave boundary conditions:
at v = +oo, P(x)=y2(x) et
—o00, P(x) =y (r) ="

at x

These are homogeneous B.C.
and the operator is Hermitian
with p(x) =1

The Green’s function may then be constructed as

G(z,2") = Ay (z)y2(2’), = <2
= Aya(z)y1(2”), x> 2

And
A — 1 1 (

W(y1,y2) ~ik+ik 2k

Thus .
G(x,z') = —ie_ik(x_‘%/), r<ax
_ _%eik(az—az’)’ > 2
or
G(x,7") = —%e_ikm_x/'
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