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Form of Green’s Function G(x,t):

| |
a b

x
t Homogeneous Boundary conditions  

at x = a, b:    satisfied by G(x, t)

Let y1(x) be a solution of that satisfies the B.C. at x=a 
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Ly = 0
and y2(x) be a solution of that satisfies the B.C. at x=b,   a < b 
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Ly = 0
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h1, h2 to be determined

We note that G(x, t) is continuous at x =  t,     so
<latexit sha1_base64="Z6jqFXgesqDRt0Bw3TFYGXjq+dI="></latexit>

h1(t)

y2(t)
=

h2(t)

y1(t)
= C

Then 
<latexit sha1_base64="J4hCrJaI/mD86VMrJQxrly41pSQ="></latexit>

G(x, t) = y1(x)h1(t) a  x < t

= y2(x)h2(t) t < x  b

,
,

and  G(x, t) = G*(t, x), giving
<latexit sha1_base64="zPdyEfqV+cKVZ5ZLmkb98qd96vo="></latexit>

y1(x)h1(t) = y⇤2(t)h
⇤
2(x) x < t

y2(x)h2(t) = y⇤1(t)h
⇤
1(x) x > t

,
,

Assuming that y1 and y2 may be chosen to be real,
<latexit sha1_base64="w6I1Bn+j/P573B06nNCb1oPoJ38="></latexit>

h⇤
2(x) = Cy1(x), h

⇤
1(x) = Cy2(x)

and thus
<latexit sha1_base64="ruMMg67JfNVB6YQ7lsvJWiAHtAU="></latexit>

h2(x) = Ay1(x), h1(x) = Ay2(x)
<latexit sha1_base64="Jy9aZ52/Q77VhEKaRnwWupLk5aY="></latexit>

(A ⌘ C⇤)
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Using this, 
<latexit sha1_base64="NzM41BzZduNMiM78P9udx+AsC+E="></latexit>

G(x, t) = Ay1(x)y2(t), x < t

= Ay2(x)y1(t), x > t

Thus

<latexit sha1_base64="K6VaVwnZywigGZzI+4dyBWvIIzc="></latexit>

dG

dx

����
t+

= Ay02(t)y1(t) and
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dG

dx

����
t�

= Ay01(t)y2(t)

So
<latexit sha1_base64="STh/u6oTVeK8grc8Ln41pHLuaJQ="></latexit>

A[y02(t)y1(t)� y01(t)y2(t)] =
1

p(t)

i.e. 
<latexit sha1_base64="UmfG3pUV8r02n+R91Upoz3hPRFw="></latexit>

A = [p(t){y02(t)y1(t)� y01(t)y2(t)}]�1 = [p(t)W (y1, y2)]
�1

Now we note
<latexit sha1_base64="tUgSGhBmMJZFE0y+0qrV+IAPVGA="></latexit>

L  is self-adjoint, 
<latexit sha1_base64="BeS7vqab8SUXQa0iFddQFn2HGGk="></latexit>

Ly = (py0)0 + qy and
<latexit sha1_base64="ub3qxUxrHqUN4F4y0IPAYuucSSQ="></latexit>

Ly = �y
<latexit sha1_base64="c4rxzAHPvgxJusBkt+99TjKg7tk="></latexit>y1, y2 are two solutions for the same 

<latexit sha1_base64="SG6m2gmD7Auixor5Vz7Wngq6AXM="></latexit>

�
<latexit sha1_base64="xCLon0Ce6h67s4bXwLEdEhnNQpA="></latexit>

(Ly1)y2 � y1(Ly2) = (py01)
0y2 + qy1y2 � y1(py

0
2)

0 � qy1y2So
<latexit sha1_base64="/M4TJOtcrg5VIs/FfDE/HXoh9Ts="></latexit>

= (py01)
0y2 � (py02)

0y1
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Or
<latexit sha1_base64="pTOO9E1uGdtnZpDkReCZyL4dYPM="></latexit>

(�y1)y2 � y1(�y2)
<latexit sha1_base64="eiFRxrAdkQrBGG4WPpu3hjdD0jo="></latexit>

= (py01)
0y2 + py01y

0
2 � py02y

0
1 � (py02)

0y1

<latexit sha1_base64="JAT+92ku+CRKD0yYwAv2PCCb1cY="></latexit>

=
d

dx
[(py01)y2]�

d

dx
[(py02)y1]

<latexit sha1_base64="sC/kPSSuXXhUCI49gSn4La7JxE4="></latexit>

=
d

dx
[(py01)y2 � (py02)y1]

<latexit sha1_base64="skt4kQDGsiTAXcuHVGwmCpADeXM="></latexit>

=
d

dx
[p{y01y2 � y02y1}]

<latexit sha1_base64="oJS5uB9dQqRtYWG+61Z3afMP1n8="></latexit>

= � d

dx
[pW (y1, y2)]

Since the LHS = 
<latexit sha1_base64="i9xMHJ7prg54tNyHcGjUSH4RZVs="></latexit>

�y1y2 � y1�y2 = 0,

We have 
<latexit sha1_base64="X6Lo7Ellskde1qGTFLjJf/jk5h8="></latexit>

d

dx
[pW (y1, y2)] = 0 ,           i.e. 

<latexit sha1_base64="p1dZ2mzwk+4HxqjnzYMWu1VSwto="></latexit>

pW (y1, y2)= const.

Hence  A  is independent of  t .
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The results so far are derived for homogeneous Boundary Conditions.

In other cases, it may be possible to render the  boundary conditions 
homogeneous by a change of the dependent variable.

For example, if the specified B.C. are

<latexit sha1_base64="G37kwElZrXI8QWZS0L2UiCsVnME="></latexit>

y = C1 at x = a and y = C2 at x = b

then a change of the dependent variable to
<latexit sha1_base64="M0WNKYx4mJqGlZwvwZRhb6BCTpY="></latexit>

u = y � C1(b� x) + C2(x� a)

(b� a)

will make the B.C. homogeneous: 
<latexit sha1_base64="n0Kl7JRNWqpjelipbaQGhog50eQ="></latexit>

u = 0 at x = a, b

The ODE can then be re-cast in terms of <latexit sha1_base64="7kvqwwll3BLTTOtb4FsQI4g+lCA="></latexit>u

The symmetry of G(x,t) discussed so far w.r.t. the two end points arises 
from the B.C. being specified at the two ends.  For other types of B.C. this 
symmetry will not be present.
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Example: an Initial Value Problem

Consider 
<latexit sha1_base64="/khfmyKENTaeiqPXSEWV/gQ9hF0="></latexit>

Ly =
d2y

dx2
+ y = f(x), x 2 [0,1]

with B.C.
<latexit sha1_base64="TdQ2sFNRYpOhQYjEfsxRa1Oqifg="></latexit>

y = y0 = 0 at x = 0

has two solutions: 
<latexit sha1_base64="vQARwxVfqZMjDvMqTIrlZO73Ec8="></latexit>

Ly = 0
<latexit sha1_base64="fwObC1w09Wjo71pGw28I85uXiSc="></latexit>

sin(x) and cos(x)

The only combination of these that satisfies the B.C. at 
<latexit sha1_base64="uWGKM7kDocidqboPp3A+Kjj1qZM="></latexit>

x = 0 is
<latexit sha1_base64="cqEp60zq1WyOUHOENL/d/nzw2bY="></latexit>

y = 0

So for x < t ,    G(x, t) = 0

At x > t , No B.C. are available.  So we may write
<latexit sha1_base64="KWldk/gJwLhijDiT/ymuhmFSewo="></latexit>

G(x, t) = c1(t)y1(x) + c2(t)y2(x) = c1(t) sin(x) + c2(t) cos(x)

Continuity of G at x = t demands
<latexit sha1_base64="/Rou7Ch4DVWzJduFYvYQ3mWEzNg="></latexit>

0 = c1(t) sin(t) + c2(t) cos(t)

And the derivative condition
<latexit sha1_base64="UWShz6Iz+N2u4mJbHO01BPorZWo="></latexit>

dG

dx

����
t+

� dG

dx

����
t�

=
1

p(t)
= 1

implies that 
<latexit sha1_base64="YEFAqp87lc4ML7+14zX4hLM+x0g="></latexit>

c1(t) cos(t)� c2(t) sin(t)� 0 = 1

Hence
<latexit sha1_base64="qZNNJUI89R8Z+pux6z0KpotBltk="></latexit>

c1(t) = cos(t), c2(t) = � sin(t)
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So 
<latexit sha1_base64="W+qjVWoV2801Z/8UCs1ZUji3f2U="></latexit>

G(x, t) = cos(t) sin(x)� sin(t) cos(x) = sin(x� t), x > t
<latexit sha1_base64="7m7pPnAjtruUCPI1YtNzSMdzSqQ="></latexit>

= 0, x < t

Thus

<latexit sha1_base64="tKCaW+eKTK3C/60mcvnfJUHfwY0="></latexit>

y(x) =

1Z

0

G(x, t)f(t) dt

<latexit sha1_base64="RjFkPUXuYq8WvBuWimx5Cy2Cdoo="></latexit>

=

xZ

0

sin(x� t)f(t) dt

<latexit sha1_base64="i28fD2r75oXvu/1cbPVduXSGi7M="></latexit>

y(x) depends only on the past history of the function 
<latexit sha1_base64="bjn1u9FOZHcFyBediR5XrGjVq1E="></latexit>

f(t)
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Boundary conditions at infinity

Example: Consider Helmholtz’s equation
<latexit sha1_base64="tyLBT1j9j5KXdXslWK2hVICQBoE="></latexit>

L (x) =
✓

d2

dx2
+ k2

◆
 (x) = g(x)

<latexit sha1_base64="+XoWfjy4rkLaU+zAWWCyr2y5TB8="></latexit>

L (x) = 0 has solutions of the form
<latexit sha1_base64="bJ/A/ikhDTNGdBsQa3kSmLhPLVQ="></latexit>

e±ikx

Impose Outgoing Wave boundary conditions:
at

<latexit sha1_base64="WVaK0FraTUw/wZYbmr3odYTUcLM="></latexit>

x = +1,  (x) = y2(x) = e+ikx

at
<latexit sha1_base64="H2ItP2yX0C0xzZLyjBqtiJyDnbs="></latexit>

x = �1,  (x) = y1(x) = e�ikx

These are homogeneous B.C. 
and the operator is Hermitian 
with p(x) = 1

The Green’s function may then be constructed as

And
<latexit sha1_base64="pnsTXRQz4zY82F9JSWYkw0P4wDw="></latexit>

A =
1

W (y1, y2)
=

1

ik + ik
= � i

2k

<latexit sha1_base64="cWDNwACBnej5fS0M5H6zbPpb0gI="></latexit>

G(x, x0) = � i

2k
e�ik(x�x0), x < x0

<latexit sha1_base64="Zq7HCTW4xpFk9diCO3zWrvgTZwY="></latexit>

= � i

2k
eik(x�x0), x > x0

Thus

or
<latexit sha1_base64="PPNRh5IddccQQ/67QADopS8lc9c="></latexit>

G(x, x0) = � i

2k
e�ik|x�x0|

<latexit sha1_base64="9mOF/LgqBPhYo7H+tx90Po70udc="></latexit>

G(x, x0) = Ay1(x)y2(x
0), x < x0

= Ay2(x)y1(x
0), x > x0


