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Green’s Function

Green’s function is often utilised to obtain solutions of inhomogeneous  
Differential Equations

<latexit sha1_base64="Ijhl2L3wHZ36ZDzNyu8eoTREIKE="></latexit>

Ly(x) = f(x) with Boundary Conditions at 
<latexit sha1_base64="jfuwZ/L/XBWa6N3PCD2ZVUsY9FM="></latexit>

x = a, b

Green’s function               provides a solution of the form
<latexit sha1_base64="+IcE7suMhnobflYDsSsfLHW8Duo="></latexit>

G(x, t)
<latexit sha1_base64="PCriBVinK1tAPLffYQSIJ4tOQO8="></latexit>

y(x) =

Z b

a
G(x, t)f(t) dt

Where t is called the Source Point and x the Field Point.

Let us consider a second order self-adjoint ODE
<latexit sha1_base64="aelVPbSg4d0YQV9B7/guit7hLJg="></latexit>

Ly =
d

dx


p(x)

dy

dx

�
+ q(x)y = f(x)

<latexit sha1_base64="AFJbGxmmEBwvC5+e3GT7IyjQ1uo="></latexit>

a  x  bto be satisfied in the range                     subject to homogeneous* B.C. at 
x=a  and  x=b  that renders      Hermitian.

<latexit sha1_base64="yccOXRMbhMFZoPODpC3b+sMAD5c="></latexit>

L
* B.C. that continue to be satisfied if the function is scaled by an arbitrary factor
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Equation satisfied by the Green’s Function is 

along with the B.C.
<latexit sha1_base64="MiFZw+5qsu9BaVHoid0BhKDFhK8="></latexit>

LG(x, t) = �(x� t)

Because
<latexit sha1_base64="HmqXiKbRxbBvrmHkQz/qOqLCtzY="></latexit>

Ly(x) = L
Z b

a
G(x, t)f(t) dt =

Z b

a
[LG(x, t)]f(t) dt

<latexit sha1_base64="6pb467g8jkPKsHgHWXf0yKAptgo="></latexit>

=

Z b

a
�(x� t)f(t) dt = f(x)

Then
<latexit sha1_base64="MgfpL976P8r7J4u6dSDEnVVd6AQ="></latexit>

t+✏Z

t�✏

d

dx


p(x)

dG

dx

�
dx+

t+✏Z

t�✏

q(x)G(x, t) dx =

t+✏Z

t�✏

�(x� t) dx = 1

<latexit sha1_base64="tkr7eXKH8JVBQFT1HRefZVlUWz8="></latexit>

p(x)
dG

dx

����
t+✏

� p(x)
dG

dx

����
t�✏

+

t+✏Z

t�✏

q(x)G(x, t) dx = 1So

This cannot be satisfied if both      and      are continuous at 
<latexit sha1_base64="yywsmJUU3wW5oUm4FEIZBUm1pF8="></latexit>

G
<latexit sha1_base64="72d4WX6Fg6Iqtqts73W/ckEHvcg="></latexit>

G0 <latexit sha1_base64="8f4tU69M0wmhrKVQ1Ik1Pkej8L0="></latexit>

✏ = 0
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We choose 
<latexit sha1_base64="/894zWGRKxbcwnbi34gtq2Pb4uU="></latexit>

G0 <latexit sha1_base64="voX+9Z/WI1REbhmmN0ldoIBZTnM="></latexit>

Gto be discontinuous while      is continuous at x = t. 
<latexit sha1_base64="geNXfrVKSyK66z3RbIKXCdHeosA="></latexit>

lim
✏!0

⇥
G0|t+✏ � G0|t�✏

⇤
=

1

p(t)
Then

We now expand in the eigenfunctions of      with the applied B.C.
<latexit sha1_base64="8LfYKjmTBf1WzkWFkISzoAHCfGI="></latexit>

G(x, t)
<latexit sha1_base64="omrQ6WG7nKtC55CJlREj78AY0KY="></latexit>

L
<latexit sha1_base64="OEutn6fTOR/DUxzPixsEuR53rag="></latexit>

h�n|�mi = �nm
<latexit sha1_base64="0x/PeE/cq6ANFUnxsJF/29QW7mk="></latexit>

L�n(x) = �n�n(x) ;

<latexit sha1_base64="8UlWgwIEyR8KsrjnHH+pnwn3Xos="></latexit>

G(x, t) =
X

n,m

gnm�n(x)�
⇤
m(t)Now

While
<latexit sha1_base64="nJBK5rw7j+KSEnGbSdEA33MWD9k="></latexit>

�(x� t) =
X

m

�m(x)�⇤
m(t)

<latexit sha1_base64="2FAes4bJHnSpOclZKVjPs7Yd3jA="></latexit>

cm(t) =

Z b

a
�⇤
m(x)�(x� t)dx

<latexit sha1_base64="72oCI7ubWbSI4SNA0O86XrGZChQ="></latexit>

= �⇤
m(t)

<latexit sha1_base64="UeMoQeFk+DIjECW/wiEP0mN2gW4="></latexit>

�(x� t) =
X

m

cm(t)�m(x)

Then
<latexit sha1_base64="Lb0JHHGz172kIUfwNxVMABXC6Os="></latexit>

L
X

n,m

gnm�n(x)�
⇤
m(t) =

X

m

�m(x)�⇤
m(t)

<latexit sha1_base64="L4floxjaio++RA29zK36Lv/dF0o="></latexit>X

n,m

�ngnm�n(x)�
⇤
m(t) =

X

m

�m(x)�⇤
m(t)So
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<latexit sha1_base64="Hq1b/YndVPDuCOClFx2T3HQ2zrw="></latexit>X

n

�n�n(x)
X

m

gnm�⇤
m(t) =

X

m

�m(x)�⇤
m(t)Hence

Multiplying by              and integrating over x from a to b,
<latexit sha1_base64="M+ugbh5tsQ7GiJJ4Ux2PVIXehA8="></latexit>

�⇤
n(x)

<latexit sha1_base64="cgklDxMRJgYJRPrCVvKVyyftkQA="></latexit>X

m

�ngnm�⇤
m(t) =

X

m

�nm�⇤
m(t)

Taking scalar product with
<latexit sha1_base64="N8N6DbJKWI9v32hYp6eTdwr3cZI="></latexit>

�m(t),
<latexit sha1_base64="hmhHt9x5tX6hjaL6R4cdGx/u80s="></latexit>

�ngnm = �nm ,        i.e.
<latexit sha1_base64="FT27nA1i44uDFLHRfOerMbUJb74="></latexit>

gnm =
�nm
�n

Therefore
<latexit sha1_base64="MeTtrLPTpoE/V4nX3lPk1H5X2rw="></latexit>

G(x, t) =
X

n

�⇤
n(t)�n(x)

�n

Which reveals that
<latexit sha1_base64="t90NmXgbkoROchQpHOsmxTfs8FE="></latexit>

G(x, t) = G⇤(t, x)


