Methods of
Mathematical Physics-I

Dipankar Bhattacharya

JUCAA-NCRA Graduate School 2021



Green’s Function

Green’s function 1s often utilised to obtain solutions of inhomogeneous
Differential Equations

Ly(x) = f(x) with Boundary Conditions at z = a,
Green'’s function G(x, t) provides a solution of the form
b
@) = [ Gl d
Where ¢ 1s called the Source Point and x the Field Point.
Let us consider a second order self-adjoint ODE
"~ @] + @y = 1@

" dx
to be satisfied in the range a < x < b subject to homogeneous™ B.C. at
x=a and x=b that renders £ Hermitian.

Ly

* B.C. that continue to be satisfied if the function is scaled by an arbitrary factor
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Equation satisfied by the Green’s Function is

LG(x,t) = 6(x —t) along with the B.C.

Because

Cy(z) = L / Gl 1) f (1) dt = / LGz )| (1) dt

Then
T be n 0
/% {p(w)%} dx + /q(x)G(x,t) dr = /5(:13 —t)dx =1
t—e t—e t—e
e eI
So p(aj)% t_l_e— p(il?)% t_€—|— /Q(I)G(f,t) dr = 1
t—e

This cannot be satisfied if both G and G’ are continuous at € = (
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We choose G’ to be discontinuous while G is continuous at x = z.

Then

|

G,‘H—e — G/’t—e} —

p(t)

We now expand G(x, ) in the eigenfunctions of £ with the applied B.C.

Now
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Hence Z An@Pn (T Z Inm P, ( Z Pm (2

Multiplying by ¢ () and integrating over x from a to b,

Z A Grm @ ( Z Srim B

Taking scalar product with ¢,,, (t),

Therefore

G, t) = Z @1(?\@5 (z)

Which reveals that

G(x,t) =G"(t, )
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